
◆♦t❡s ♦♥ ❙♠❛❧❧ ❆♣❡rt✉r❡ ❚❤❡♦r②

■❛♥ ❋❧✐♥t♦❢t✶✱ ❯♥✐✈❡rs✐t② ♦❢ ❨♦r❦

✷✺ ◆♦✈❡♠❜❡r ✷✵✶✻

❆❜str❛❝t✕ ❚❤❡s❡ ✐♥❢♦r♠❛❧ ♥♦t❡s ✇♦r❦ t❤r♦✉❣❤ t❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ t❤❡♦r② ♦❢ s♠❛❧❧ ❛♣❡r✲

t✉r❡s ❛♥❞ t❤❡✐r r❡♣r❡s❡♥t❛t✐♦♥ ❜② ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥ts✳ ❚❤❡ tr❡❛t♠❡♥t ✐s ♥♦t ✐♥t❡♥❞❡❞

t♦ ❜❡ ❝♦♠♣r❡❤❡♥s✐✈❡ ♦r ❢✉❧❧② ❡❧❛❜♦r❛t❡❞✱ ❜✉t ♠❡r❡❧② t♦ ♣r♦✈✐❞❡ ❛ ♣❛rt✐❝✉❧❛r ♣❛t❤ t❤r♦✉❣❤ t❤❡ ❦❡② ❝♦♥❝❡♣ts

❛♥❞ st❡♣s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ t♦ t❤❡ ♠❛✐♥ r❡s✉❧ts ✐♥ ❛ ❝♦♥s✐st❡♥t ❢♦r♠❛❧✐s♠✳

❈♦♥t❡♥ts

✶ ❇❛❝❦❣r♦✉♥❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝s ✶

✶✳✶ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇✐t❤ ♠❛❣♥❡t✐❝ s♦✉r❝❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶
✶✳✷ ❱❡❝t♦r ♣♦t❡♥t✐❛❧s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸
✶✳✸ ▼✉❧t✐♣♦❧❡ ❡①♣❛♥s✐♦♥ ❛♥❞ ❞✐♣♦❧❡ ♠♦♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹
✶✳✹ ❆❧t❡r♥❛t✐✈❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❞✐♣♦❧❡ ♠♦♠❡♥ts ❛♥❞ ❝✉rr❡♥ts ❡❧❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺
✶✳✺ ❊q✉✐✈❛❧❡♥❝❡ ♦❢ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ❧♦♦♣s ❛♥❞ ♠❛❣♥❡t✐❝ ❝✉rr❡♥t ❡❧❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
✶✳✻ ❋✐❡❧❞s r❛❞✐❛t❡❞ ❜② ❞✐♣♦❧❡ ♠♦♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
✶✳✼ ❋❛r ✜❡❧❞s ❛♥❞ ♣♦✇❡r r❛❞✐❛t❡❞ ❜② ❞✐♣♦❧❡ ♠♦♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✷ ❈♦✉♣❧✐♥❣ t❤r♦✉❣❤ ❛♣❡rt✉r❡s ✾

✷✳✶ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❛♣❡rt✉r❡ ❝♦✉♣❧✐♥❣ ♣r♦❜❧❡♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✷✳✷ ❖✉t❧✐♥❡ s♦❧✉t✐♦♥ ❢♦r s♠❛❧❧ ❛♣❡rt✉r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✷✳✸ P♦❧❛r✐s❛❜✐❧✐t✐❡s ❢♦r s♦♠❡ s✐♠♣❧❡ ❛♣❡rt✉r❡ s❤❛♣❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻
✷✳✹ ❊q✉✐✈❛❧❡♥t ❞✐♣♦❧❡ ♠♦♠❡♥ts ❢♦r s♠❛❧❧ ❛♣❡rt✉r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✷✳✺ ❚r❛♥s♠✐ss✐♦♥ ❝r♦ss✲s❡❝t✐♦♥s ♦❢ s♠❛❧❧ ❛♣❡rt✉r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

❘❡❢❡r❡♥❝❡s ✷✷

✶ ❇❛❝❦❣r♦✉♥❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝s

✶✳✶ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇✐t❤ ♠❛❣♥❡t✐❝ s♦✉r❝❡s

❚❤❡ ♣❤❛s♦r ▼❛①✇❡❧❧ ❡q✉❛t✐♦♥s ❢♦r t✐♠❡ ❤❛r♠♦♥✐❝ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s✱ ✐♥❝❧✉❞✐♥❣ ❜♦t❤ ❡❧❡❝tr✐❝ ❛♥❞
♠❛❣♥❡t✐❝ s♦✉r❝❡s✱ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❬❇❛❧❛♥✐s✶✾✽✾❪

∇·D(r, ω) = ρ(r, ω) ✭✶✳✶✮

∇·B(r, ω) = ρM(r, ω) ✭✶✳✷✮

∇×E(r, ω) = −jωB(r, ω)− JM(r, ω) ✭✶✳✸✮

∇×H(r, ω) = jωD(r, ω) + J(r, ω), ✭✶✳✹✮

✇❤❡r❡ t❤❡ ✏❡♥❣✐♥❡❡r✐♥❣✑ ♣❤❛s♦r ❝♦♥✈❡♥t✐♦♥

E(r, t) = Re
[
E(r, ω)e+jωt

]
✭✶✳✺✮

❤❛s ❜❡❡♥ ✉s❡❞✳ ❚❤❡ s②♠❜♦❧s ❛♥❞ ❙■ ✉♥✐ts ❢♦r t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ q✉❛♥t✐t✐❡s ✉s❡❞ ✐♥ t❤❡s❡ ♥♦t❡s ❛r❡
s✉♠♠❛r✐s❡❞ ✐♥ ❚❛❜❧❡ ✶✳

❚❛❦✐♥❣ t❤❡ ❞✐✈❡r❣❡♥❝❡ ♦❢ t❤❡ t✇♦ ❝✉r❧ ❡q✉❛t✐♦♥s✱ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❝✉rr❡♥ts ❝❛♥ ❜❡ s❤♦✇♥ t♦
s❛t✐s❢② t❤❡ ❝♦♥t✐♥✉✐t② ❡q✉❛t✐♦♥s

∇·J+ jωρ = 0 ✭✶✳✻✮

∇·JM + jωρM = 0 ✭✶✳✼✮

✶ ❊♠❛✐❧✿ ✐❛♥✳✢✐♥t♦❢t❅❣♦♦❣❧❡♠❛✐❧✳❝♦♠❀ ❲❡❜✿ ❤tt♣s✿✴✴✐❞❢❧✐♥t♦❢t✳❜✐t❜✉❝❦❡t✳✐♦

✶



❙②♠❜♦❧ ◗✉❛♥t✐t② ❯♥✐t

E ❊❧❡❝tr✐❝ ✜❡❧❞ ❱ ♠✲✶

H ▼❛❣♥❡t✐❝ ✜❡❧❞ ❆ ♠✲✶

D ❊❧❡❝tr✐❝ ✢✉① ❞❡♥s✐t② ❈ ♠✲✷

B ▼❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t② ❚ ❂ ❲❜ ♠✲✷

q ❊❧❡❝tr✐❝ ❝❤❛r❣❡ ❈

qM ▼❛❣♥❡t✐❝ ❝❤❛r❣❡ ❱ s ❂ ❲❜

ρ ❊❧❡❝tr✐❝ ❝❤❛r❣❡ ❞❡♥s✐t② ❈ ♠✲✸

ρM ▼❛❣♥❡t✐❝ ❝❤❛r❣❡ ❞❡♥s✐t② ❲❜ ♠✲✸

J ❊❧❡❝tr✐❝ ❝✉rr❡♥t ❞❡♥s✐t② ❆ ♠✲✷

JM ▼❛❣♥❡t✐❝ ❝✉rr❡♥t ❞❡♥s✐t② ❱ ♠✲✷

I ❊❧❡❝tr✐❝ ❝✉rr❡♥t ❆

IM ▼❛❣♥❡t✐❝ ❝✉rr❡♥t ❱

P ✭❊❧❡❝tr✐❝✮ ♣♦❧❛r✐s❛t✐♦♥ ❈ ♠✲✷

M ▼❛❣♥❡t✐s❛t✐♦♥ ❆ ♠✲✶

ε P❡r♠✐tt✐✈✐t② ❋ ♠✲✶

µ P❡r♠❡❛❜✐❧✐t② ❍ ♠✲✶

ρs ❊❧❡❝tr✐❝ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❈ ♠✲✷

ρMs ▼❛❣♥❡t✐❝ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❲❜ ♠✲✷

Js ❊❧❡❝tr✐❝ s✉r❢❛❝❡ ❝✉rr❡♥t ❞❡♥s✐t② ❆ ♠✲✶

JMs ▼❛❣♥❡t✐❝ s✉r❢❛❝❡ ❝✉rr❡♥t ❞❡♥s✐t② ❱ ♠✲✶

p✱ pM ❊❧❡❝tr✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥t ❈ ♠

m✱ mM ▼❛❣♥❡t✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥t ❆ ♠✷

αe ❊❧❡❝tr✐❝ ♣♦❧❛r✐s❛❜✐❧✐t② t❡♥s♦r ♠✸

αm ▼❛❣♥❡t✐❝ ♣♦❧❛r✐s❛❜✐❧✐t② t❡♥s♦t ♠✸

A ▼❛❣♥❡t✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❲❜ ♠✲✶

F ❊❧❡❝tr✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❈ ♠✲✶

❚❛❜❧❡ ✶✿ ❙②♠❜♦❧s ❛♥❞ ❙■ ✉♥✐ts ❢♦r ❡❧❡❝tr♦♠❛❣♥❡t✐❝ q✉❛♥t✐t✐❡s✳

❚❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✢✉① ❞❡♥s✐t✐❡s ✐♥ ❤♦♠♦❣❡♥❡♦✉s ✐s♦tr♦♣✐❝ ♠❡❞✐❛ ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
✜❡❧❞s ✈✐❛ t❤❡ ❝♦♥st✐t✉t✐✈❡ r❡❧❛t✐♦♥s

D = εE = εE+P ✭✶✳✽✮

B = µH = µ (H+M) , ✭✶✳✾✮

✇❤❡r❡ ε ✐s t❤❡ ❡❧❡❝tr✐❝ ♣❡r♠✐tt✐✈✐t②✱ µ t❤❡ ♠❛❣♥❡t✐❝ ♣❡r♠❡❛❜✐❧✐t② ❛♥❞ P ❛♥❞ M ❛r❡ t❤❡ ✭❡❧❡❝tr✐❝✮ ♣♦❧❛r✲
✐s❛t✐♦♥ ❛♥❞ ♠❛❣♥❡t✐s❛t✐♦♥ ♦❢ t❤❡ ♠❡❞✐✉♠ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❣❡♥❡r❛❧ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❜❡t✇❡❡♥ t✇♦
♠❡❞✐❛✱ ♠❡❞✐✉♠ ✶ ❛♥❞ ♠❡❞✐✉♠ ✷✱ ✇✐t❤ t❤❡ ♥♦r♠❛❧ ✈❡❝t♦r✱ n̂✱ ♦❢ t❤❡ ❜♦✉♥❞❛r② ♣♦✐♥t✐♥❣ ✐♥t♦ ♠❡❞✐✉♠ ✷
❛r❡ ✭❇❛❧❛♥✐s✱ ✶✾✽✾✱ ❚❛❜❧❡ ✶✲✺✮

n̂· (D2 −D1) = ρs ✭✶✳✶✵✮

n̂· (B2 −B1) = ρMs ✭✶✳✶✶✮

n̂× (E2 −E1) = −JMs ✭✶✳✶✷✮

n̂× (H2 −H1) = Js. ✭✶✳✶✸✮

✷



❍❡r❡ t❤❡ s✉❜s❝r✐♣t ✏s✑ ✐s ✉s❡❞ t♦ ❞❡♥♦t❡ s✉r❢❛❝❡ ❝❤❛r❣❡s ❛♥❞ ❝✉rr❡♥ts ❛s ❞❡✜♥❡❞ ✐♥ ❚❛❜❧❡ ✶✳ ■❢ ❜♦t❤ ♠❡❞✐❛
❤❛✈❡ ✜♥✐t❡ ❡❧❡❝tr✐❝❛❧ ❝♦♥❞✉❝t✐✈✐t②✱ σ1, σ2 X→ ∞✱ ❛♥❞ t❤❡r❡ ❛r❡ ♥♦ ✐♠♣r❡ss❡❞ ❝❤❛r❣❡s ♦♥ t❤❡ ❜♦✉♥❞❛r②
t❤❡s❡ r❡❞✉❝❡ t♦

n̂· (D2 −D1) = 0 ✭✶✳✶✹✮

n̂· (B2 −B1) = 0 ✭✶✳✶✺✮

n̂× (E2 −E1) = 0 ✭✶✳✶✻✮

n̂× (H2 −H1) = 0. ✭✶✳✶✼✮

■❢ ♠❡❞✐✉♠ ✶ ✐s ❛ ♣❡r❢❡❝t ❡❧❡❝tr✐❝ ❝♦♥❞✉❝t♦r ✭P❊❈✮✱ σ1 = ∞, σ2 X→ ∞✱ ❛♥❞ t❤❡r❡ ❛r❡ ♥♦ ✐♠♣r❡ss❡❞ ♠❛❣♥❡t✐❝
s♦✉r❝❡s ♦♥ t❤❡ ❜♦✉♥❞❛r② t❤❡♥ ✇❡ ❤❛✈❡

n̂·D2 = ρs ✭✶✳✶✽✮

n̂·B2 = 0 ✭✶✳✶✾✮

n̂×E2 = 0 ✭✶✳✷✵✮

n̂×H2 = Js. ✭✶✳✷✶✮

❆❧t❡r♥❛t✐✈❡❧②✱ ✐❢ ♠❡❞✐✉♠ ✶ ✐s ❛ ♣❡r❢❡❝t ♠❛❣♥❡t✐❝ ❝♦♥❞✉❝t♦r ✭P▼❈✮✱ σM;1 = ∞, σM;2 X→ ∞✱ ✇❡ ❣❡t

n̂·D2 = 0 ✭✶✳✷✷✮

n̂·B2 = ρMs ✭✶✳✷✸✮

n̂×E2 = −JMs ✭✶✳✷✹✮

n̂×H2 = 0. ✭✶✳✷✺✮

✶✳✷ ❱❡❝t♦r ♣♦t❡♥t✐❛❧s

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ s✉♣❡r♣♦s✐t✐♦♥✱ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s ✐♥ ❛ ❧✐♥❡❛r ♠❡❞✐✉♠ ❞✉❡ t♦ ❛
❝♦❧❧❡❝t✐♦♥ ♦❢ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ s♦✉r❝❡s ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥t♦ s❡♣❛r❛t❡ ❝♦♥tr✐❜✉t✐♦♥s ❞✉❡ t♦ t❤❡
❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ s♦✉r❝❡s ❛❧♦♥❡✱

E = EA +EF ✭✶✳✷✻✮

H = HA +HF, ✭✶✳✷✼✮

✇❤❡r❡ A ❞❡♥♦t❡s t❤❡ ♣❛rt ❞✉❡ t♦ ❡❧❡❝tr✐❝ s♦✉r❝❡ ❛♥❞ F t❤❡ ♣❛rt ❞✉❡ t♦ ♠❛❣♥❡t✐❝ s♦✉r❝❡s✳ ❍❡❧♠❤♦❧t③✬s
t❤❡♦r❡♠ s❤♦✇s t❤❛t ❡❛❝❤ ❝♦♥tr✐❜✉t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ ❛ s❝❛❧❛r ❛♥❞ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ t❤❛t
❞❡t❡r♠✐♥❡ t❤❡ ✐rr♦t❛t✐♦♥❛❧ ❛♥❞ s♦❧❡♥♦✐❞❛❧ ♣❛rts ♦❢ t❤❡ ✜❡❧❞ ✭❘♦t❤✇❡❧❧ ❛♥❞ ❈❧♦✉❞✱ ✷✵✵✶✱ s❡❝t✐♦♥ ✺✳✷✮✳ ❚❤❡s❡
♣♦t❡♥t✐❛❧s ❛r❡ t❤❡ s❝❛❧❛r ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧✱ ϕ✱ ❛♥❞ ♠❛❣♥❡t✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧✱ A✱ ❢♦r ❡❧❡❝tr✐❝ s♦✉r❝❡s ❛♥❞
t❤❡ s❝❛❧❛r ♠❛❣♥❡t✐❝ ♣♦t❡♥t✐❛❧✱ ϕM✱ ❛♥❞ ❡❧❡❝tr✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧✱ F✱ ♣♦t❡♥t✐❛❧ ❢♦r ♠❛❣♥❡t✐❝ s♦✉r❝❡s✳ ❚❤❡
✜❡❧❞s ❛r❡ ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢ t❤❡s❡ ♣♦t❡♥t✐❛❧s ❜② ✭❇❛❧❛♥✐s✱ ✶✾✽✾✱ ❝❤❛♣t❡r ✻✮

HA =
1

µ0
∇×A ✭✶✳✷✽✮

EA =
1

jωε0
∇×HA = −∇ϕ− jωA ✭✶✳✷✾✮

EF =
−1

ε0
∇×F ✭✶✳✸✵✮

HF =
−1

jωµ0
∇×EF = −∇ϕM − jωF. ✭✶✳✸✶✮

❋r♦♠ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ✐t ❝❛♥ t❤❡♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ♣♦t❡♥t✐❛❧s s❛t✐❢② t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥s

∇2ϕ+ jω∇·A =
−ρ

ε0
✭✶✳✸✷✮

∇2A+ k2A = −µ0J+∇· (∇·A+ jωµ0ε0ϕ) ✭✶✳✸✸✮

∇2ϕM + jω∇·F =
−ρM
µ 0

✭✶✳✸✹✮

∇2F+ k2F = −ε0JM +∇· (∇·F+ jωµ0ε0ϕM) . ✭✶✳✸✺✮

✸



❚❤❡ s❝❛❧❛r ❛♥❞ ✈❡❝t♦r ♣♦t❡♥t✐❛❧s ❛r❡ ♥♦t ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ✉♥t✐❧ ❛ ♣❛rt✐❝✉❧❛r ❣❛✉❣❡ ✐s ❝❤♦s❡♥✳ ■t ✐s
✉s✉❛❧❧② ❝♦♥✈❡♥✐❡♥t t♦ ❝❤♦♦s❡ t❤❡ ▲♦r❡♥③ ❣❛✉❣❡✱

∇·A+ jωµ0ε0ϕ = 0 ✭✶✳✸✻✮

∇·F+ jωµ0ε0ϕM = 0, ✭✶✳✸✼✮

✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ✜❡❧❞s ❝❛♥ ❜❡ ✇r✐tt❡♥

EA =
−j

ωµ0ε0
∇ (∇·A)− jωA =

−jω

k2
[
∇ (∇·A) + k2A

]
✭✶✳✸✽✮

HF =
−j

ωµ0ε0
∇ (∇·F)− jωF =

−jω

k2
[
∇ (∇·F) + k2F

]
✭✶✳✸✾✮

❛♥❞ t❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ♣♦t❡♥t✐❛❧s r❡❞✉❝❡ t♦

∇2ϕ+ k2ϕ = −ρε0 ✭✶✳✹✵✮

∇2A+ k2A = −µ0J ✭✶✳✹✶✮

∇2ϕM + k2ϕM = −ρMµ0 ✭✶✳✹✷✮

∇2F+ k2F = −ε0JM. ✭✶✳✹✸✮

■♥ ❛ ✉♥❜♦✉♥❞❡❞ s♣❛❝❡ t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡s❡ ❡q✉❛t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ❢r❡❡✲s♣❛❝❡ s❝❛❧❛r ●r❡❡♥✬s
❢✉♥❝t✐♦♥✱

G (r |r′;ω ) =
e−jk·(r−r

′)

4π |r− r′| , ✭✶✳✹✹✮

❜②

ϕ(r, ω) =
1

4πε0

˚

V

ρ(r′;ω)

|r− r′| e
−jk·(r−r

′) dV ′ ✭✶✳✹✺✮

A(r, ω) =
µ0

4π

˚

V

J(r′;ω)

|r− r′| e
−jk·(r−r

′) dV ′ ✭✶✳✹✻✮

ϕM(r, ω) =
1

4πµ0

˚

V

ρM (r′;ω)

|r− r′| e−jk·(r−r
′) dV ′ ✭✶✳✹✼✮

F(r, ω) =
ε0
4π

˚

V

JM(r
′;ω)

|r− r′| e−jk·(r−r
′) dV ′. ✭✶✳✹✽✮

❚❤❡ s♦❧✉t✐♦♥s t♦ ♣r♦❜❧❡♠s ✇✐t❤ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ s♦✉r❝❡s ❛r❡ r❡❧❛t❡❞ ❜② ❛ ❞✉❛❧✐t② tr❛♥s❢♦r♠❛t✐♦♥
s✉♠♠❛r✐s❡❞ ✐♥ ❚❛❜❧❡ ✷ ✭❇❛❧❛♥✐s✱ ✶✾✽✾✱ ❚❛❜❧❡ ✼✲✷✮✳

✶✳✸ ▼✉❧t✐♣♦❧❡ ❡①♣❛♥s✐♦♥ ❛♥❞ ❞✐♣♦❧❡ ♠♦♠❡♥ts

❚❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧s

A(r, ω) =
µ0

4π

˚

V

J(r′;ω)

|r− r′| e
−jk·(r−r

′) dV ′ ✭✶✳✹✾✮

F(r, ω) =
ε0
4π

˚

V

JM(r
′;ω)

|r− r′| e−jk·(r−r
′) dV ′ ✭✶✳✺✵✮

❝❛♥ ❜❡ ❡①♣❛♥❞❡❞ ✐♥ ♠✉❧t✐♣♦❧❡ s❡r✐❡s✳ ❚❤❡ ❧♦✇❡st ♦r❞❡r t❡r♠s ♦❢ t❤❡s❡ s❡r✐❡s ❛r❡ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝
❞✐♣♦❧❡ ♠♦♠❡♥t t❡r♠s ❣✐✈❡♥ ❜② ✭❏❛❝❦s♦♥✱ ✶✾✾✾❀ ❇r♦✇♥✱ ✷✵✵✼✮

A(r, ω) =
jωµ0

4π
p
e−jkr

r
− jkµ0

4π
(r̂×m)

(
1 +

1

jkr

)
e−jkr

r
✭✶✳✺✶✮

F(r, ω) =
jωµ0ε0
4π

mM

e−jkr

r
+

jk

4π
(r̂×pM)

(
1 +

1

jkr

)
e−jkr

r
, ✭✶✳✺✷✮

✹



❊❧❡❝tr✐❝ ❙♦✉r❝❡s
▼❛❣♥❡t✐❝

s♦✉r❝❡s

E H

H −E

ε0 µ0

µ0 ε0

ρ ρM

J JM

A F

ϕ ϕM

k k

η0 1/η0

p µ0mM

m −pM/ε0

❚❛❜❧❡ ✷✿ ❉✉❛❧✐t② tr❛♥s❢♦r♠❛t✐♦♥✳

✇❤❡r❡

p(ω)
❞❡❢
=

˚

V

rρ(r, ω) dV ✭✶✳✺✸✮

m(ω)
❞❡❢
=

1

2

˚

V

r×J(r, ω) dV ✭✶✳✺✹✮

❛r❡ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡s ♠♦♠❡♥ts ❢♦r ❡❧❡❝tr✐❝ s♦✉r❝❡s ❛♥❞

pM(ω)
❞❡❢
= −ε0

2

˚

V

r×JM(r, ω) dV ✭✶✳✺✺✮

mM(ω)
❞❡❢
=

1

µ0

˚

V

rρM(r, ω) dV ✭✶✳✺✻✮

❛r❡ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡s ♠♦♠❡♥ts ❢♦r ♠❛❣♥❡t✐❝ s♦✉r❝❡s✳ ❚❤❡ ❞✉❛❧✐t② tr❛♥s❢♦r♠❛t✐♦♥ ❢♦r t❤❡
❞✐♣♦❧❡ ♠♦♠❡♥ts ✐s ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✷✳

❚❤❡ ❞❡r✐✈❛t✐♦♥ ♦❢ t❤❡s❡ ♠✉❧t✐♣♦❧❡ ❡①♣❛♥s✐♦♥s ✐s s✉❜t❧❡ ❛♥❞ ❝♦♠♣❧❡①✳ ■t ♣r♦❝❡❡❞s ❜② ❡①♣❛♥❞✐♥❣ t❤❡
❦❡r♥❡❧ ♦❢ t❤❡ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ✐♥t❡❣r❛❧s ✐♥ ♣♦✇❡rs ♦❢ kr✱ ❛ s♦✲❝❛❧❧❡❞ ✏❘❛②❧❡✐❣❤ ❙❡r✐❡s✑✳ ❚❤❡ ❧♦✇❡st ♦r❞❡r
t❡r♠ ❣✐✈❡s t❤❡ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ t❡r♠ ✐♥ A ❛♥❞ t❤❡ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ t❡r♠ ✐♥ F✳ ❚❤❡ s❡❝♦♥❞ ♦r❞❡r t❡r♠s
r❡q✉✐r❡s ❝❛r❡❢✉❧ ❛♥❛❧②s✐s ✉s✐♥❣ ❢✉❧❧ ✈❡❝t♦r ♠✉❧t✐♣♦❧❡ t❤❡♦r② ✭❏❛❝❦s♦♥✱ ✶✾✾✾✱ ❡q♥✳ ✭✾✳✶✶✮✮ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥
t❤❡ ❝♦rr❡❝t ♥❡❛r✲✜❡❧❞ ❜❡❤❛✈✐♦✉r ❛♥❞ ♣r♦✈✐❞❡s t❤❡ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ t❡r♠ ✐♥ A ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ t❡r♠
✐♥ F✱ ❛s ✇❡❧❧ ❛s ❛♥ ❡❧❡❝tr✐❝ q✉❛❞r✉♣♦❧❡ t❡r♠✳

✶✳✹ ❆❧t❡r♥❛t✐✈❡ r❡♣r❡s❡♥t❛t✐♦♥s ♦❢ ❞✐♣♦❧❡ ♠♦♠❡♥ts ❛♥❞ ❝✉rr❡♥ts ❡❧❡♠❡♥ts

❚❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ♣♦❧❛r✐s❛t✐♦♥s✱ P ❛♥❞ M✱ ❛r❡ ❞✐♣♦❧❡ ♠♦♠❡♥t ❞❡♥s✐t✐❡s ✇✐t❤ ❝♦rr❡s♣♦♥❞✐♥❣
❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥ts

p(ω) =

˚

V

P(r, ω) dV ✭✶✳✺✼✮

m(ω) =

˚

V

M(r, ω) dV. ✭✶✳✺✽✮

✺



❋♦r ❞✐s❝r❡t❡ ❡❧❡❝tr✐❝ ❝❤❛r❣❡ ❞✐str✐❜✉t✐♦♥s t❤❡ ❞✐♣♦❧❡ ♠♦♠❡♥ts ❛r❡ s✉♠♠❛t✐♦♥s✱

p =
∑

i

qiri ✭✶✳✺✾✮

m =
1

2

∑

i

qiri×ṙi, ✭✶✳✻✵✮

✇❤✐❧❡ ❢♦r ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❞✐s❝r❡t❡ ❞✐♣♦❧❡ ♠♦♠❡♥ts t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞❡♥s✐t✐❡s ❛r❡

P(r, ω) =
∑

i

pi(ω)δ
(3)(r− ri) ✭✶✳✻✶✮

M(r, ω) =
∑

i

mi(ω)δ
(3)(r− ri). ✭✶✳✻✷✮

❚❤❡ ♣♦❧❛r✐s❛t✐♦♥ ❛♥❞ ♠❛❣♥❡t✐s❛t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❡①♣❧✐❝✐t❧② ✐♥ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s

∇×E = −jωµ0H− jωµ0M− JM ✭✶✳✻✸✮

∇×H = jωε0E+ jωP+ J, ✭✶✳✻✹✮

✇❤✐❝❤ s❤♦✇s t❤❛t t❤❡ ♣♦❧❛r✐s❛t✐♦♥ ❛♥❞ ♠❛❣♥❡t✐s❛t✐♦♥ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❝✉rr❡♥t
❞❡♥s✐t✐❡s ❣✐✈❡♥ ❜②

JM(r, ω) = jωµ0M(r, ω) ✭✶✳✻✺✮

J(r, ω) = jωP(r, ω). ✭✶✳✻✻✮

❈✉rr❡♥t ❡❧❡♠❡♥ts ✭✐♥✜♥✐t❡s✐♠❛❧ ❞✐♣♦❧❡s✮ ❛r❡ r❡❧❛t❡❞ t♦ ❞✐♣♦❧❡ ♠♦♠❡♥ts ❜②

JM = IM dl δ(3)(r− r′) = jωµ0M = jωµ0m δ(3)(r− r′) ✭✶✳✻✼✮

J = I dl δ(3)(r− r′) = jωP = jωp δ(3)(r− r′), ✭✶✳✻✽✮

❣✐✈✐♥❣

IM dl = jωµ0m ✭✶✳✻✾✮

I dl = jωp. ✭✶✳✼✵✮

❆ z✲❞✐r❡❝t❡❞ ❡❧❡❝tr✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥t ❝❛♥ ❜❡ ✇r✐tt❡♥

p = q
dl

2
ẑ− (−q)

dl

2
ẑ = q dl ẑ ✭✶✳✼✶✮

❛♥❞ ❤❡♥❝❡

I dl = jωp = jωq dl ✭✶✳✼✷✮

s♦

I dl = jωq. ✭✶✳✼✸✮

❚❤❡ t✐♠❡ ❞♦♠❛✐♥ ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ✇✐t❤ ❡①♣❧✐❝✐t ♣♦❧❛r✐s❛t✐♦♥ ❛♥❞ ♠❛❣♥❡t✐s❛t✐♦♥ ❛r❡

∇×E(r, t) = −µ0∂tH(r, t)− µ0∂tM(r, t)− JM(r, t) ✭✶✳✼✹✮

∇×H(r, t) = ε0∂tE(r, t) + ∂tP(r, t) + J(r, t), ✭✶✳✼✺✮

✇❤❡r❡ ❢♦r s✐♥❣❧❡ ❞✐s❝r❡t❡ ❞✐♣♦❧❡ ♠♦♠❡♥ts

JM(r, t) = µ0∂tM(r, t) = µ0∂tm(t)δ(3)(r− r′) ✭✶✳✼✻✮

J(r, t) = ∂tP(r, t) = ∂tp(t)δ
(3)(r− r′) ✭✶✳✼✼✮

❚❤❡ ❞✐♣♦❧❡ ♠♦♠❡♥ts t❤❡r❡❢♦r❡ ❡♥t❡r t❤❡ s♦✉r❝❡ t❡r♠s ❛s t✐♠❡ ❞❡r✐✈❛t✐✈❡s✳

✻



✶✳✺ ❊q✉✐✈❛❧❡♥❝❡ ♦❢ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ❧♦♦♣s ❛♥❞ ♠❛❣♥❡t✐❝ ❝✉rr❡♥t ❡❧❡♠❡♥ts

❚❤❡ ✇❛✈❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s

∇×∇×E− ω2µεE = −jωµJ−∇×JM, ✭✶✳✼✽✮

✇❤✐❝❤ s❤♦✇s t❤❛t ♣r♦✈✐❞✐♥❣ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ t❤❡ s❛♠❡✱ ❛♥ ❡❧❡❝tr✐❝ ❝✉rr❡♥t s♦✉r❝❡ ✐s ❡q✉✐✈❛❧❡♥t
t♦ ❛ ♠❛❣♥❡t✐❝ ❝✉rr❡♥t s♦✉r❝❡ ✐❢ ✭◆✐❦♦❧♦✈❛✱ ✷✵✶✷✮

jωµJ = ∇×JM. ✭✶✳✼✾✮

❈♦♥s✐❞❡r t❤❡ ❣❡♦♠❡tr② s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳ ❚❛❦✐♥❣ t❤❡ ✐♥t❡❣r❛❧ ❢♦r♠ ♦❢ t❤✐s ❡q✉❛t✐♦♥ ♦♥ t❤❡ s✉r❢❛❝❡ S
❜♦✉♥❞❡❞ ❜② t❤❡ ❝✉r✈❡ C ✇❡ ♦❜t❛✐♥

jωµ

¨

S

J· dS =

˛

C

JM· dl, ✭✶✳✽✵✮

♦r

jωµI = JM dl. ✭✶✳✽✶✮

❍❡♥❝❡✱ ❛ s♠❛❧❧ ❧♦♦♣ ♦❢ ❡❧❡❝tr✐❝ ❝✉rr❡♥t I ❝✐r❝✉❧❛t✐♥❣ ❛r♦✉♥❞ ❛♥ ❛r❡❛ A ❝r❡❛t❡s t❤❡ s❛♠❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
✜❡❧❞ ❛s ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥t IM dl ♣r♦✈✐❞✐♥❣ t❤❛t

jωµIA = IM dl ✭✶✳✽✷✮

❋✐❣✉r❡ ✶✿ ✿ ❊q✉✐✈❛❧❡♥❝❡ ♦❢ ❛♥ ❡❧❡❝tr✐❝ ❝✉rr❡♥t ❧♦♦♣ ✭r❡❞✮ ❛♥❞ ❛ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ ✭❜❧✉❡✮ ✭◆✐❦♦❧♦✈❛✱ ✷✵✶✷✮✳

✶✳✻ ❋✐❡❧❞s r❛❞✐❛t❡❞ ❜② ❞✐♣♦❧❡ ♠♦♠❡♥ts

❋♦r ❡❧❡❝tr✐❝ s♦✉r❝❡s t❤❡ ✜❡❧❞s ❢r♦♠ t❤❡ ❞✐♣♦❧❡ ♠♦♠❡♥ts ❛r❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡ ♠❛❣♥❡t✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧
✉s✐♥❣

H(r, ω) =
1

µ
∇×A ✭✶✳✽✸✮

E(r, ω) =
1

jωε
∇×H = −jωA− j

ωµε
∇ (∇·A) , ✭✶✳✽✹✮

❧❡❛❞✐♥❣ t♦ t❤❡ ❡q✉❛t✐♦♥s

Ee (r, ω;p) =
k3

4πε0

{
[(r̂×p)×r̂]

1

kr
+ [3r̂ (r̂·p)− p]

(
1

(kr)3
+

j

(kr)2

)}
e−jkr ✭✶✳✽✺✮

He (r, ω;p) =
c0k

3

4π
(r̂×p)

(
1 +

1

jkr

)
e−jkr

kr
✭✶✳✽✻✮

✼



❛♥❞

Em (r;ω,m) =
−η0k

3

4π
(r̂×m)

(
1 +

1

jkr

)
e−jkr

kr
✭✶✳✽✼✮

Hm (r, ω; m) =
k3

4π

{
[(r̂×m)×r̂]

1

kr
+ [3r̂ (r̂·m)−m]

(
1

(kr)3
+

j

(kr)2

)}
e−jkr. ✭✶✳✽✽✮

❋♦r ♠❛❣♥❡t✐❝ s♦✉r❝❡s ❛ s✐♠✐❧❛r ❝❛❧❝✉❧❛t✐♦♥ ✉s✐♥❣ t❤❡ ❡❧❡❝tr✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ✭♦r ♠♦r❡ ❞✐r❡❝t❧② ✉s✐♥❣
❞✉❛❧✐t②✮ ❧❡❛❞s t♦ t❤❡ s❛♠❡ ❡q✉❛t✐♦♥s ✇✐t❤ m r❡♣❧❛❝❡❞ ❜② mM ❛♥❞ p r❡♣❧❛❝❡❞ ❜② pM✳

❚❤❡ ❞✐♣♦❧❡ ♠♦♠❡♥t ❡q✉❛t✐♦♥s ❛r❡ ❧✐♥❡❛r✳ ❍❡♥❝❡ ✐❢ ✇❡ ❤❛✈❡ t❤r❡❡ ♦rt❤♦❣♦♥❛❧ ❞✐♣♦❧❡ ♠♦♠❡♥ts✱ px =
pxe

jϕx x̂✱ py = pye
jϕy ŷ ❛♥❞ pz = pze

jϕz ẑ✱ ❛t t❤❡ s❛♠❡ ♣♦✐♥t t❤❡♥ t❤❡ ✜❡❧❞ ❢r♦♠ t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢
❞✐♣♦❧❡ ♠♦♠❡♥ts ✐s t❤❡ s✉♣❡r♣♦s✐t✐♦♥ ♦❢ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ✜❡❧❞s✱ ✐✳❡✳

Ee
(
r, ω;px + py + pz

)
= Ee (r, ω;px) +Ee

(
r, ω;py

)
+Ee (r, ω;pz) . ✭✶✳✽✾✮

❍♦✇❡✈❡r✱ p = px+py +pz ❝❛♥♥♦t ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ s✐♥❣❧❡ ❡q✉✐✈❛❧❡♥t ✐♥✜♥✐t❡s✐♠❛❧ ❞✐♣♦❧❡ ✇✐t❤ ♠♦♠❡♥t

p = pejϕp̂ ✇❤❡r❡ p̂ ✐s ❛ r❡❛❧ ✉♥✐t ✈❡❝t♦r✳
❋♦r z✲❞✐r❡❝t❡❞ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡s ✇❡ ❝❛♥ ✇r✐t❡

p = pz ẑ =
Iz dl

jω
ẑ ✭✶✳✾✵✮

m = mz ẑ =
IMz dl

jωµ0
ẑ. ✭✶✳✾✶✮

❯s✐♥❣ s♣❤❡r✐❝❛❧ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s ✇✐t❤ ẑ = cos θ r̂− sin θ θ̂✱ ✇❡ ✜♥❞ t❤❛t

(r̂×p)×r̂ = pz (r̂×ẑ)×r̂ = −pz sin θ φ̂×r̂ = −pz sin θ θ̂ ✭✶✳✾✷✮

3 (r̂·p) r̂− p = pz [3 (r̂·ẑ) r̂− ẑ] = pz [3 cos θ r̂− ẑ] = pz

[
2 cos θ r̂+ sin θ θ̂

]
, ✭✶✳✾✸✮

❛♥❞ s✐♠✐❧❛r❧② ❢♦r ♠✱ ❣✐✈✐♥❣ t❤❡ ✜❡❧❞ ❝♦♠♣♦♥❡♥ts ✭❇❛❧❛♥✐s✱ ✶✾✾✼✮

Ee
r(r, ω) = η0

Iz dl cos θ

2πr2

(
1 +

1

jkr

)
e−jkr ✭✶✳✾✹✮

Ee
θ(r, ω) = jη0

kIz dl sin θ

4πr

(
1 +

1

jkr
− 1

(kr)2

)
e−jkr ✭✶✳✾✺✮

Ee
ϕ(r, ω) = 0 ✭✶✳✾✻✮

He
r(r, ω) = 0 ✭✶✳✾✼✮

He
θ(r, ω) = 0 ✭✶✳✾✽✮

He
ϕ(r, ω) = j

kIz dl sin θ

4πr

(
1 +

1

jkr

)
e−jkr ✭✶✳✾✾✮

❛♥❞

Em
r (r, ω) = 0 ✭✶✳✶✵✵✮

Em
θ (r, ω) = 0 ✭✶✳✶✵✶✮

Em
ϕ (r, ω) = −j

kIMz dl sin θ

4πr

(
1 +

1

jkr

)
e−jkr ✭✶✳✶✵✷✮

Hm
r (r, ω) = η−1

0

IMz dl cos θ

2πr2

(
1 +

1

jkr

)
e−jkr ✭✶✳✶✵✸✮

Hm
θ (r, ω) = jη−1

0

kIMz dl sin θ

4πr

(
1 +

1

jkr
− 1

(kr)2

)
e−jkr ✭✶✳✶✵✹✮

Hm
ϕ (r, ω) = 0. ✭✶✳✶✵✺✮

✽



✶✳✼ ❋❛r ✜❡❧❞s ❛♥❞ ♣♦✇❡r r❛❞✐❛t❡❞ ❜② ❞✐♣♦❧❡ ♠♦♠❡♥ts

■♥ t❤❡ ❢❛r ✜❡❧❞ ♦❢ t❤❡ ❞✐♣♦❧❡ ♠♦♠❡♥ts ✭kr≫1✮ t❤❡ ✜❡❧❞s r❡❞✉❝❡ t♦

Ee(r, ω) =
k2

4πε0
[(r̂×p)×r̂]

e−jkr

r
= jη0

kIz dl sin θ

4πr
e−jkrθ̂ ✭✶✳✶✵✻✮

He(r, ω) =
c0k

2

4π
(r̂×p)

e−jkr

r
= j

kIz dl sin θ

4πr
e−jkrφ̂ ✭✶✳✶✵✼✮

❛♥❞

Em(r, ω) =
−η0k

2

4π
(r̂×m)

e−jkr

r
= −j

kIMz dl sin θ

4πr
e−jkrφ̂ ✭✶✳✶✵✽✮

Hm(r, ω) =
k2

4π
[(r̂×m)×r̂]

e−jkr

r
= jη−1

0

kIMz dl sin θ

4πr
e−jkrθ̂, ✭✶✳✶✵✾✮

✇❤❡r❡ t❤❡ s❡❝♦♥❞ ❢♦r♠ ♦♥ ❡❛❝❤ ❧✐♥❡ ✐s ❢♦r ❛ z✲❞✐r❡❝t❡❞ ❞✐♣♦❧❡ ✐♥ s♣❤❡r✐❝❛❧ ♣♦❧❛r ❝♦♦r❞✐♥❛t❡s✳ ❚❤❡ ❝♦rr❡✲
s♣♦♥❞✐♥❣ P♦②♥t✐♥❣ ✈❡❝t♦rs ❛r❡ ❣✐✈❡♥ ❜②

1

2
Ee(r, ω)×He∗(r, ω) = c20η0

k4 |pz|2 sin2 θ
32π2r2

r̂ = η0
k2 |Iz dl|2 sin2 θ

32π2r2
r̂ ✭✶✳✶✶✵✮

1

2
Em(r, ω)×Hm∗(r, ω) = η0

k4 |mz|2 sin2 θ
32π2r2

r̂ = η−1
0

k2 |IMz dl|2 sin2 θ
32π2r2

r̂. ✭✶✳✶✶✶✮

❯s✐♥❣
‹

4π

sin2 θ

r2
r̂· dS =

ˆ 2π

0

ˆ π

0

sin3 θ dθ dϕ = 2π

ˆ π

0

sin3 θ dθ =
8π

3
✭✶✳✶✶✷✮

✇❡ ❝❛♥ ❞❡t❡r♠✐♥❡ t❤❡ t♦t❛❧ ♣♦✇❡r r❛❞✐❛t❡❞ ❜② t❤❡ ❞✐♣♦❧❡ ♠♦♠❡♥ts ✐♥ t❤❡ ❢❛r ✜❡❧❞ ❛s ✭❏❛❝❦s♦♥✱ ✶✾✾✾✮

P e = c20η0
k4 |p|2
12π

= η0
k2 |I dl|2

12π
✭✶✳✶✶✸✮

Pm = η0
k4 |m|2
12π

= η−1
0

k2 |IM dl|2
12π

. ✭✶✳✶✶✹✮

✷ ❈♦✉♣❧✐♥❣ t❤r♦✉❣❤ ❛♣❡rt✉r❡s

✷✳✶ ❋♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❛♣❡rt✉r❡ ❝♦✉♣❧✐♥❣ ♣r♦❜❧❡♠

❈♦♥s✐❞❡r ❛♥ ❛♣❡rt✉r❡✱ A✱ ✐♥ ❛♥ ✐♥✜♥✐t❡ ♣❡r❢❡❝t❧② ❝♦♥❞✉❝t✐♥❣ s❝r❡❡♥✱ S✱ ✐♥ t❤❡ x−y ♣❧❛♥❡ ✇✐t❤ t❤❡ ❛♣❡rt✉r❡
❝❡♥tr❡❞ ♦♥ (0, 0, 0) ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷ ✭❇✉t❧❡r ❡t ❛❧✳✱ ✶✾✼✻✱ ✶✾✼✽✮✳ ❚❤❡ ❜❛❝❦❣r♦✉♥❞ ♠❡❞✐✉♠ ✐s t❛❦❡♥
t♦ ❜❡ ❢r❡❡✲s♣❛❝❡ ❛♥❞ ❛ ✉♥✐t ✈❡❝t♦r ♥♦r♠❛❧ t♦ t❤❡ s❝r❡❡♥✱ n̂✱ ✐s ❞❡✜♥❡❞ ♣♦✐♥t✐♥❣ t♦ t❤❡ r✐❣❤t✳ ■♥ t❤❡ z < 0
❤❛❧❢✲s♣❛❝❡ t❤❡r❡ ❛r❡ ✐♠♣r❡ss❡❞ s♦✉r❝❡s (Ji−,Ji−

M
) ✇❤✐❧❡ ✐♥ t❤❡ ❤❛❧❢✲s♣❛❝❡ z > 0 t❤❡r❡ ❛r❡ ✐♠♣r❡ss❡❞ s♦✉r❝❡s

(Ji+,Ji+
M
)✳

❚❤❡ ✜❡❧❞s ♦♥ ❡✐t❤❡r s✐❞❡ ♦❢ t❤❡ s❝r❡❡♥✱ E±(r, ω) ❛♥❞ H±(r, ω)✱ ♠✉st s❛t✐s❢② ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❛♥❞
t❤❡ r❛❞✐❛t✐♦♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢♦r z → ±∞✳ ❖♥ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ s❝r❡❡♥ t❤❡ t❛♥❣❡♥t✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞
❛♥❞ ♥♦r♠❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❛r❡ ③❡r♦✳ ❚❤❡ t❛♥❣❡♥t✐❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ❛♣❡rt✉r❡ ✐s ♥♦♥③❡r♦ ❛♥❞ ❞❡♥♦t❡❞
❜② EA

‖ = limz→0± E±
‖ (r ∈ A;ω) ❛♥❞ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s t❤❡ ❢✉♥❞❛♠❡♥t❛❧ ✉♥❦♥♦✇♥ ✐♥ t❤❡ ♣r♦❜❧❡♠✳ ❚❤❡

t❛♥❣❡♥t✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐♥ t❤❡ ❛♣❡rt✉r❡ ✐s ❞❡♥♦t❡❞ ❜② HA

‖ = limz→0± H±
‖ (r ∈ A;ω)✳ ❚❤❡ ❡❧❡❝tr✐❝ ❛♥❞

♠❛❣♥❡t✐❝ ✜❡❧❞s ♠✉st ❛❧s♦ ❜❡ ❝♦♥t✐♥✉♦✉s ❛❧♦♥❣ ❛♥② ♣❛t❤ t❤r♦✉❣❤ t❤❡ ❛♣❡rt✉r❡✳
❚❤❡ ✜rst st❛❣❡ ✐♥ t❤❡ s♦❧✉t✐♦♥ ✐s t♦ s❤♦rt✲❝✐r❝✉✐t t❤❡ ❛♣❡rt✉r❡ ❛s s❤♦✇♥ ✐♥ t❤❡ ❧❡❢t ♣❛rt ♦❢ ❋✐❣✉r❡ ✸✳ ❚❤❡

✜❡❧❞s ✐♥ ❡❛❝❤ ❤❛❧❢ s♣❛❝❡ ❞✉❡ t♦ t❤❡ ✐♠♣r❡ss❡❞ s♦✉r❝❡s ✇✐t❤ t❤❡ ❛♣❡rt✉r❡ s❤♦rt❡❞ ❛r❡ ❝❛❧❧❡❞ t❤❡ s❤♦rt ❝✐r❝✉✐t
✜❡❧❞s ❛♥❞ ❞❡♥♦t❡❞ ❜② Esc±(r, ω) ❛♥❞ Hsc±(r, ω)✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❛t t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❛♣❡rt✉r❡ t❤❡ ♥♦r♠❛❧
s❤♦rt✲❝✐r❝✉✐t ❡❧❡❝tr✐❝ ✜❡❧❞s✱ Esc±

⊥ (r ∈ A;ω)✱ ❛♥❞ t❛♥❣❡♥t✐❛❧ s❤♦rt✲❝✐r❝✉✐t ♠❛❣♥❡t✐❝ ✜❡❧❞s✱ Hsc±
‖ (r ∈ A;ω)✱

❛r❡ ♥♦♥✲③❡r♦ ❛♥❞ s✉♣♣♦rt❡❞ ❜② ✐♥❞✉❝❡❞ ❡❧❡❝tr✐❝ s✉r❢❛❝❡ ❝❤❛r❣❡s ❛♥❞ ❝✉rr❡♥ts ♦♥ t❤❡ s❝r❡❡♥✳ ❋♦r t❤❡ z < 0
❤❛❧❢✲s♣❛❝❡ t❤❡s❡ ❛r❡ ❣✐✈❡♥ ❜②

Hsc−
‖ (r, ω) = ẑ×Hsc−(r, ω) = −J−

s (r, ω) r ∈ A ✭✷✳✶✮

Esc−
⊥ (r, ω) = ẑ·Esc−(r, ω) = −ρ−s (r, ω)/ǫ0 r ∈ A. ✭✷✳✷✮

✾



❋✐❣✉r❡ ✷✿ ✿ ●❡♦♠❡tr② ♦❢ t❤❡ ❛♣❡rt✉r❡ ❝♦✉♣❧✐♥❣ ♣r♦❜❧❡♠✳ ❚❤❡ ❛♣❡rt✉r❡✱ ❆✱ ✐s ✐♥ t❤❡ ①✲② ♣❧❛♥❡ ❝❡♥tr❡❞ ♦♥
t❤❡ ♦r✐❣✐♥✳

❚❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞s✱ Ei−(r, ω) ❛♥❞ Hi−(r, ω)✱ ❞✉❡ t♦ t❤❡ ✐♠♣r❡ss❡❞ s♦✉r❝❡s (Ji−,Ji−
M
) ✐♥ z < 0 ❛r❡

❞❡✜♥❡❞ ❛s t❤♦s❡ ✜❡❧❞s t❤❛t ❛r❡ ♣r❡s❡♥t ✇❤❡♥ t❤❡ s♦✉r❝❡s r❛❞✐❛t❡ ✐♥t♦ ✉♥❜♦✉♥❞❡❞ s♣❛❝❡ ✭❋✐❣✉r❡ ✹✮✳ ❆t
t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ P❊❈ s❝r❡❡♥ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❛t t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❛♣❡rt✉r❡

Hsc−
‖ (r, ω)

∣∣∣
r∈A

= 2 Hi−
‖ (r, ω)

∣∣∣
r∈A

✭✷✳✸✮

Esc−
⊥ (r, ω)

∣∣
r∈A

= 2 Ei−
⊥ (r, ω)

∣∣
r∈A

. ✭✷✳✹✮

❙✐♠✐❧❛r❧② ❢♦r t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞s ❢r♦♠ z > 0✱ s♦ t♦❣❡t❤❡r ✇❡ ❝❛♥ ✇r✐t❡

Hsc±(r, ω)×ẑ
∣∣
r∈A

= 2 Hi±(r, ω)×ẑ
∣∣
r∈A

✭✷✳✺✮

Esc±(r, ω)·ẑ
∣∣
r∈A

= 2 Ei±(r, ω)·ẑ
∣∣
r∈A

. ✭✷✳✻✮

❋r♦♠ ❤❡r❡ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♠❛❦❡ ♣r♦❣r❡ss ✉s✐♥❣ ❇❛❜✐♥❡t✬s Pr✐♥❝✐♣❧❡ ❢♦r ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s ❜② ❝♦♥s✐❞❡r✲
✐♥❣ t❤❡ ❝♦♠♣❧❡♠❡♥t❛r② ♣r♦❜❧❡♠ ♦❢ t❤❡ ✜❡❧❞s s❝❛tt❡r❡❞ ❜② ❛ P❊❈ ♣❧❛t❡ ♦❝❝✉♣②✐♥❣ t❤❡ ❛r❡❛ ♦❢ t❤❡ ❛♣❡rt✉r❡✱
A✱ ✇✐t❤ t❤❡ s❝r❡❡♥✱ S✱ r❡♠♦✈❡❞ ✭❇♦✉✇❦❛♠♣✱ ✶✾✺✹❀ ❚❛♥ ❛♥❞ ▼❝❉♦♥❛❧❞✱ ✷✵✶✷✮✳ ■♥ ♦r❞❡r t♦ r❡st♦r❡ t❤❡
✜❡❧❞s t♦ t❤❡ ♦r✐❣✐♥❛❧ ✈❛❧✉❡s t❤❡ ❡❧❡❝tr✐❝ ❝❤❛r❣❡s ❛♥❞ ❝✉rr❡♥ts ✐♥ t❤❡ ❛♣❡rt✉r❡ ♠✉st ❜❡ ✏❝❛♥❝❡❧❧❡❞✑ ❜② t❤❡
✐♥tr♦❞✉❝t✐♦♥ ♦❢ ♦♣♣♦s✐t❡ ❝✉rr❡♥ts ❛♥❞ ❝❤❛r❣❡s J−′

s ❛♥❞ ρ−′
s ✳ ❆❣❛✐♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ z < 0 ❤❛❧❢✲s♣❛❝❡ t❤❡s❡

❛r❡ ❣✐✈❡♥ ❜② ✭❈❤❡♥ ❛♥❞ ❇❛✉♠✱ ✶✾✼✹✱ ❡q♥✳ ✭✷✳✸✾✮✮

J−
s + J−′

s = 0 r ∈ A ✭✷✳✼✮

ρ−s + ρ−
′

s = 0 r ∈ A. ✭✷✳✽✮

❍♦✇❡✈❡r✱ ✇❡ ♣r♦❝❡❡❞ ✐♥st❡❛❞ ✉s✐♥❣ t❤❡ ❙❝❤❡❧❦✉♥♦✛ ❊q✉✐✈❛❧❡♥❝❡ Pr✐♥❝✐♣❧❡ ❞❡s❝r✐❜❡❞ ✐♥ ✭❇❛❧❛♥✐s✱ ✶✾✽✾✱
s❡❝t✐♦♥ ✼✳✽✮ ❛♥❞ ✭❘♦t❤✇❡❧❧ ❛♥❞ ❈❧♦✉❞✱ ✷✵✵✶✱ s❡❝t✐♦♥ ✻✳✸✳✹✮✳ ❚❤❡ ❋r❛♥③ ❢♦r♠ ♦❢ t❤❡ ✈❡❝t♦r ❍✉②❣❡♥✬s
Pr✐♥❝✐♣❧❡ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✭❘♦t❤✇❡❧❧ ❛♥❞ ❈❧♦✉❞✱ ✷✵✵✶✱ ❡q♥✳✭✻✳✹✶✮✮

E(r, ω) =
1

jωε0
∇×∇×

‹

S

Js (r
′;ω)G(r|r′;ω) dS′ −∇×

‹

S

JMs (r
′;ω)G(r|r′;ω) dS′ ✭✷✳✾✮

H(r, ω) =
1

jωµ0
∇×∇×

‹

S

JMs (r
′;ω)G(r|r′;ω) dS′ +∇×

‹

S

Js (r
′;ω)G(r|r′;ω) dS′, ✭✷✳✶✵✮

✶✵



❋✐❣✉r❡ ✸✿ ✿ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ s❤♦rt✲❝✐r❝✉✐t❡❞ ✜❡❧❞s✳

❋✐❣✉r❡ ✹✿ ✿ ❉❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ✜❡❧❞s ✐♥ t❤❡ ③ ❁ ✵ ❤❛❧❢✲s♣❛❝❡✳

✇❤❡r❡ G(r|r′;ω) ✐s t❤❡ ❢r❡❡ s♣❛❝❡ ●r❡❡♥✬s ❢✉♥❝t✐♦♥ ✭✶✳✹✹✮✱

Js = n̂×H|
r∈S

✭✷✳✶✶✮

JMs = − n̂×E|
r∈S

, ✭✷✳✶✷✮

❛♥❞ n̂ ✐s ❛♥ ✐♥✇❛r❞ ♥♦r♠❛❧ ✈❡❝t♦r ♦♥ S✳ ❚❤❡s❡ ❡q✉❛t✐♦♥s s❛② t❤❛t t❤❡ ✜❡❧❞s ✐♥ ❛ ❜♦✉♥❞❡❞ s♦✉r❝❡ ❢r❡❡
r❡❣✐♦♥ V ✭✇❤✐❝❤ ❝❛♥ ❜❡ ♠✉❧t✐♣❧② ❝♦♥♥❡❝t❡❞✮ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ t❛♥❣❡♥t✐❛❧ ✜❡❧❞s ❣❡♥❡r❛t❡❞ ❜② t❤❡
s♦✉r❝❡s ♦♥ t❤❡ s✉r❢❛❝❡ S ♦❢ V✳ ▲♦✈❡✬s ❡q✉✐✈❛❧❡♥❝❡ ♣r✐♥❝✐♣❧❡ st❛t❡s t❤❛t t❤❡ s♦✉r❝❡s ♦✉ts✐❞❡ ♦❢ V ❝❛♥ ❜❡
r❡♣❧❛❝❡❞ ❜② ❡q✉✐✈❛❧❡♥t ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❝✉rr❡♥t s❤❡❡ts ♦♥ t❤❡ s✉r❢❛❝❡ ✇✐t❤ t❤❡ ✈❛❧✉❡s ❣✐✈❡♥ ❜② t❤❡
♦r✐❣✐♥❛❧ t❛♥❣❡♥t✐❛❧ ✜❡❧❞s ❛s ❛❜♦✈❡✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ ✭❘♦t❤✇❡❧❧ ❛♥❞ ❈❧♦✉❞✱ ✷✵✵✶✱ s❡❝t✐♦♥ ✻✳✸✳✸✮ ❛♥❞ ✭❇❛❧❛♥✐s✱
✶✾✽✾✱ s❡❝t✐♦♥ ✼✳✽✮✳ ❚❤❡ ✜❡❧❞s ♦✉ts✐❞❡ V ❛r❡ t❤❡♥ ③❡r♦ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❡①t✐♥❝t✐♦♥ t❤❡♦r❡♠✳ ❆♥ ❡q✉✐✈❛❧❡♥t
✉♥❜♦✉♥❞❡❞ ♣r♦❜❧❡♠ ✐s t❤✉s ❞❡t❡r♠✐♥❡❞ ❢♦r t❤❡ ✜❡❧❞s ✐♥ V t❤❛t ❝❛♥ ❜❡ s♦❧✈❡❞ ✉s✐♥❣ t❤❡ st❛♥❞❛r❞ ♣♦t❡♥t✐❛❧

✶✶



t❡❝❤♥✐q✉❡s✳ ■❢ t❤❡r❡ ❛r❡ ✐♠♣r❡ss❡❞ s♦✉r❝❡s ✇✐t❤✐♥ V✱ t❤❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ s✉♣❡r♣♦s✐t✐♦♥
t❤❡s❡ ❝❛♥ ❜❡ tr❡❛t❡❞ s❡♣❛r❛t❡❧② ❛♥❞ t❤❡✐r ✜❡❧❞s ❛❞❞❡❞ t♦ t❤♦s❡ ❣❡♥❡r❛t❡❞ ❜② t❤❡ s✉r❢❛❝❡ ❝✉rr❡♥ts✳

■♥ ▲♦✈❡✬s ❡q✉✐✈❛❧❡♥❝❡ ♣r✐♥❝✐♣❧❡ ❜♦t❤ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❝✉rr❡♥t s❤❡❡ts ❛r❡ r❡q✉✐r❡❞ ♦♥ t❤❡ ❜♦✉♥❞✐♥❣
s✉r❢❛❝❡✳ ❆❝❝♦r❞✐♥❣ t♦ t❤❡ ✉♥✐q✉❡♥❡ss t❤❡♦r❡♠ ♦♥❧② ♦♥❡ ♦❢ t❤❡ t❛♥❣❡♥t✐❛❧ ✜❡❧❞s ✕ ❡❧❡❝tr✐❝ ♦r ♠❛❣♥❡t✐❝ ✕
✐s r❡q✉✐r❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✜❡❧❞s ✇✐t❤✐♥ V ✭❘♦t❤✇❡❧❧ ❛♥❞ ❈❧♦✉❞✱ ✷✵✵✶✱ s❡❝t✐♦♥ ✹✳✶✵✳✶✮✳ ❲❡ ❝❛♥ ❡①♣❧♦✐t
t❤❡ ❢❛❝t t❤❛t t❤❡ ✜❡❧❞s ♦✉ts✐❞❡ ♦❢ V ❛r❡ ♥✉❧❧✐✜❡❞ ❜② t❤❡ ❡q✉✐✈❛❧❡♥t s♦✉r❝❡s ♦♥ S t♦ ✐♥tr♦❞✉❝❡ ❛ P❊❈ t❤❛t
✜❧❧s t❤❡ ❡①❝❧✉❞❡❞ s♣❛❝❡ ❥✉st ♦✉ts✐❞❡ t❤❡ s✉r❢❛❝❡ S✳ ❙✐♥❝❡ t❤❡ ✜❡❧❞ ✐♥ t❤✐s r❡❣✐♦♥ ✐s ③❡r♦ ✐t ❞♦❡s ♥♦t ❛❧t❡r
t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ✜❡❧❞s ✐♥ V✳ ❍♦✇❡✈❡r t❤❡ ✜❡❧❞s ✐♥ V ♠✉st ♥♦✇ ❜❡ ❝❛❧❝✉❧❛t❡❞
✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ P❊❈ s✉r❢❛❝❡✳ ❚❤❡ P❊❈ s✉r❢❛❝❡ s❤♦rts ♦✉t t❤❡ ❡q✉✐✈❛❧❡♥t ❡❧❡❝tr✐❝ ❝✉rr❡♥ts ❧❡❛✈✐♥❣
♦♥❧② t❤❡ ♠❛❣♥❡t✐❝ ❝✉rr❡♥ts✳ ❚❤✐s ✐s ❙❝❤❡❧❦✉♥❦♦✛✬s ❡q✉✐✈❛❧❡♥❝❡ ♣r✐♥❝✐♣❧❡ t❤❛t ✇❡ ✇✐❧❧ ♥♦✇ ❛♣♣❧② t♦ t❤❡
❛♣❡rt✉r❡ ♣r♦❜❧❡♠✳

❆❣❛✐♥ ❝♦♥s✐❞❡r✐♥❣ t❤❡ z < 0 ❤❛❧❢✲s♣❛❝❡ ✐♥ t❤❡ ❧❡❢t ♣❛rt ♦❢ ❋✐❣✉r❡ ✸✳ ❆❝❝♦r❞✐♥❣ t♦ ▲♦✈❡✬s ❡q✉✐✈❛❧❡♥❝❡
♣r✐♥❝✐♣❧❡ t❤❡ ✜❡❧❞s ✐♥ V✱ ✇❤✐❝❤ ✐s ❜♦✉♥❞❡❞ ❜② S ∩ A ∩ S∞ ❛♥❞ ♣r♦❞✉❝❡❞ ❜② t❤❡ s♦✉r❝❡s ✐♥ t❤❡ z > 0
❤❛❧❢✲s♣❛❝❡✱ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ❛ s✉r❢❛❝❡ ♠❛❣♥❡t✐❝ ❝✉rr❡♥t

ẑ×EA

‖

∣∣∣
A

= JMs ✭✷✳✶✸✮

❛t t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ ❛♣❡rt✉r❡✱ z = 0−✱ ♦♥ t❤❡ s❤♦rt❡❞ P❊❈ ♣❧❛t❡ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺ ✭❇❛❧❛♥✐s✱ ✶✾✽✾✱
s❡❝t✐♦♥ ✼✳✽✮✳ ◆♦t❡ t❤❛t ❤❡r❡✱ ✐♥ t❤❡ z < 0 ❤❛❧❢✲s♣❛❝❡ t❤❡ ♥♦r♠❛❧ ẑ ✐s ♣♦✐♥t✐♥❣ ♦✉t ♦❢ V s♦ t❤❛t t❤❡r❡ ✐s
♥♦ ♠✐♥✉s s✐❣♥ ✐♥ t❤❡ ❧❛st ❡q✉❛t✐♦♥✳ ❚❤❡ t❛♥❣❡♥t✐❛❧ ✜❡❧❞s ♦♥ S ❛r❡ ③❡r♦ ❞✉❡ t♦ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❛t
t❤❡ P❊❈ s✉r❢❛❝❡ ❛♥❞ t❤❡ ✜❡❧❞s ♦♥ S∞ ✈❛♥✐s❤ ❞✉❡ t♦ t❤❡ r❛❞✐❛t✐♦♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳ ❋✐❧❧✐♥❣ t❤❡ r✐❣❤t
❤❛❧❢✲s♣❛❝❡ ✇✐t❤ P❊❈ ✇❡ ♦❜t❛✐♥ t❤❡ ❙❝❤❡❧❦✉♥❦♦✛ ❡q✉✐✈❛❧❡♥t ♣r♦❜❧❡♠ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✻✳ ❆❝❝♦r❞✐♥❣ t♦
t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ s✉♣❡r♣♦s✐t✐♦♥ t❤❡ ✜❡❧❞s ✐♥ t❤❡ ❧❡❢t ❤❛❧❢✲s♣❛❝❡ ❛r❡ t❤❡ s✉♠ ♦❢ t❤❡ s❤♦rt✲❝✐r❝✉✐t ✜❡❧❞s ❢r♦♠
t❤❡ ✐♠♣r❡ss❡❞ s♦✉r❝❡s ✐♥ z < 0 ❛♥❞ t❤❡ ✜❡❧❞s ❢r♦♠ t❤❡ ♠❛❣♥❡t✐❝ ❝✉rr❡♥t s❤❡❡t ✐♥ t❤❡ ❛♣❡rt✉r❡✳

❋✐♥❛❧❧②✱ ✉s✐♥❣ ✐♠❛❣❡ t❤❡♦r②✱ t❤❡ ✐♥✜♥✐t❡ s❤❡❡t ❝❛♥ ❜❡ r❡♠♦✈❡❞ ❛♥❞ t❤❡ ✐♠❛❣❡s ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❝✉rr❡♥t
s❤❡❡t ❛♥❞ ✐♠♣r❡ss❡❞ s♦✉r❝❡s ✭✐♥ ❤❛❧❢✲s♣❛❝❡ z < 0✮ ✐♥tr♦❞✉❝❡❞ t♦ ♠❛✐♥t❛✐♥ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦❢ ③❡r♦
t❛♥❣❡♥t✐❛❧ ✜❡❧❞ ♦♥ t❤❡ z = 0 ♣❧❛♥❡ ❛s ✐♥❞✐❝❛t❡❞ ✐♥ ❋✐❣✉r❡ ✼✳ ❙✐♥❝❡ t❤✐s ✐s ♥♦✇ ❛♥ ♦♣❡♥ ❤♦♠♦❣❡♥❡♦✉s
s♣❛❝❡ t❤❡ s♦❧✉t✐♦♥✱ ❢♦r z < 0✱ ❝❛♥ ❜❡ ✇r✐tt❡♥ ✉s✐♥❣ t❤❡ ❡❧❡❝tr✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❛s

H−(r, ω) = Hsc−(r, ω)− jω

k2
[
∇
(
∇·F−

)
+ k2F−

]
(z < 0), ✭✷✳✶✹✮

✇❤❡r❡

F−(r, ω) =
ε0
4π

¨

A

2JMs(r
′;ω)

|r− r′| e−jk·(r−r
′) dS′. ✭✷✳✶✺✮

◆♦t❡ t❤❛t t❤❡ ♠❛❣♥❡t✐❝ ❝✉rr❡♥t ✐s ❞♦✉❜❧❡❞ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ✐ts ❝♦✐♥❝✐❞❡♥t ✐♠❛❣❡✳ ❚❤❡ ✉s❡ ♦❢ t❤❡
✈❡❝t♦r ♣♦t❡♥t✐❛❧ ❡♥s✉r❡s t❤❛t t❤❡ ✜❡❧❞s s❛t✐s❢② ▼❛①✇❡❧❧✬s ❡q✉❛t✐♦♥s ❛♥❞ t❤❡ r❛❞✐❛t✐♦♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥✳
❆ s✐♠✐❧❛r ❛♥❛❧②s✐s ❢♦r t❤❡ z > 0 ❤❛❧❢✲s♣❛❝❡ ❣✐✈❡s

H+(r, ω) = Hsc+(r, ω) +
jω

k2
[
∇
(
∇·F+

)
+ k2F+

]
(z > 0), ✭✷✳✶✻✮

✇❤❡r❡ t❤❡ s✐❣♥ ♦❢ t❤❡ s❡❝♦♥❞ t❡r♠ ❤❛s ❝❤❛♥❣❡❞ s✐♥❝❡ t❤❡ ❡q✉✐✈❛❧❡♥t ♠❛❣♥❡t✐❝ ❝✉rr❡♥t s❤❡❡t ❢♦r t❤❡ r✐❣❤t
s♣❛❝❡ ✐s −JMs ❛♥❞ ✇❡ ❝❤♦s❡ t♦ ❦❡❡♣ t❤❡ ❞❡✜♥✐t✐♦♥

F+(r, ω) =
ε0
4π

¨

A

2JMs(r
′;ω)

|r− r′| e−jk·(r−r
′) dS′. ✭✷✳✶✼✮

❚❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ t❛♥❣❡♥t✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞ t❤r♦✉❣❤ t❤❡ ❛♣❡rt✉r❡✱

lim
z→0−

[
H−(r, ω)×ẑ

]
= lim

z→0+

[
H+(r, ω)×ẑ

]
r ∈ A, ✭✷✳✶✽✮

t❤❡♥ ❧❡❛❞s t♦ t❤❡ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ✜❡❧❞s ✐♥ t❤❡ ❛♣❡rt✉r❡✱

jω

k2
[
∇‖

(
∇‖·F

)
+ k2F

]
×ẑ

∣∣∣∣
r∈A

=
1

2

(
Hsc−(r, ω)−Hsc+(r, ω)

)
×ẑ
∣∣
r∈A

, ✭✷✳✶✾✮

✶✷



❋✐❣✉r❡ ✺✿ ✿ ❊q✉✐✈❛❧❡♥t ♣r♦❜❧❡♠ ❢♦r ③ ❁ ✵ ❤❛❧❢✲s♣❛❝❡ ✇✐t❤ ♠❛❣♥❡t✐❝ ❝✉rr❡♥t s❤❡❡t r❡♣❧❛❝✐♥❣ ❛♣❡rt✉r❡✳

❋✐❣✉r❡ ✻✿ ✿ ❙❝❤❡❧❦✉♥♦✛ ❡q✉✐✈❛❧❡♥t ♣r♦❜❧❡♠ ✇✐t❤ P❊❈ ✜❧❧✐♥❣ t❤❡ r✐❣❤t ❤❛❧❢✲s♣❛❝❡✳

✇❤❡r❡ ∇‖ = ∂xx̂+ ∂yŷ ✐s t❤❡ tr❛♥s✈❡rs❡ ❣r❛❞✐❡♥t ♦♣❡r❛t♦r✳ ❍❡r❡

F = F+ + F−
∣∣
z=0

, ✭✷✳✷✵✮

❛♥❞

F±
∣∣
z=0

= lim
z→0±

F±(r, ω) ✭✷✳✷✶✮

❛r❡ ✐♠♣❧✐❝✐t❧② ✉♥❞❡rst♦♦❞✳ ❚❤❡s❡ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ t❤❡ ✐♥❝✐❞❡♥t
✜❡❧❞s ❛s✿

jω

k2
[
∇‖

(
∇‖·F

)
+ k2F

]
× ẑ

∣∣∣∣
r∈A

=
1

2

(
Hi−(r, ω)−Hi+(r, ω)

)
×ẑ
∣∣
r∈A

. ✭✷✳✷✷✮

✶✸



❋✐❣✉r❡ ✼✿ ✿ ❊q✉✐✈❛❧❡♥t ❢r❡❡ s♣❛❝❡ ♣r♦❜❧❡♠ ❢♦r t❤❡ ✜❡❧❞s ✐♥ t❤❡ ③ ❁ ✵ ❤❛❧❢✲s♣❛❝❡✳

❙✐♥❝❡ JMs ✐s t❛♥❣❡♥t✐❛❧ t♦ t❤❡ ❛♣❡rt✉r❡✱ ❜♦t❤ ✐t ❛♥❞ F ❤❛✈❡ ♥♦ ♥♦r♠❛❧ ❝♦♠♣♦♥❡♥t✳ ❍❡♥❝❡ t❤✐s ✈❡❝t♦r
❡q✉❛t✐♦♥ ❝♦♥st✐t✉t❡s t✇♦ ❝♦✉♣❧❡❞ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❢♦r t❤❡ t✇♦ ✉♥❦♥♦✇♥ ❝♦♠♣♦♥❡♥ts ♦❢ JMs✳
❖♥❝❡ s♦❧✈❡❞ ❢♦r JMs t❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞✱ ✈✐❛ F±✱ ❢r♦♠

H−(r, ω) = Hsc−(r, ω)− jω

k2
[
∇
(
∇·F−

)
+ k2F−

]
(z < 0) ✭✷✳✷✸✮

H+(r, ω) = Hsc+(r, ω) +
jω

k2
[
∇
(
∇·F+

)
+ k2F+

]
(z > 0) ✭✷✳✷✹✮

❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❢r♦♠

E±(r, ω) = Esc±(r, ω)± 1

ε0
∇×F± (z≷0) . ✭✷✳✷✺✮

✷✳✷ ❖✉t❧✐♥❡ s♦❧✉t✐♦♥ ❢♦r s♠❛❧❧ ❛♣❡rt✉r❡s

❚❤❡ ♣♦t❡♥t✐❛❧s ❞✉❡ t♦ t❤❡ ♠❛❣♥❡t✐❝ ❝✉rr❡♥t s❤❡❡t ✭✇✐t❤ ✐ts ✐♠❛❣❡✮ ❛♥❞ ❛ss♦❝✐❛t❡❞ ♠❛❣♥❡t✐❝ ❝❤❛r❣❡ ❞❡♥s✐t②
❛r❡ ❣✐✈❡♥ ❜② ✭❈❤❡♥ ❛♥❞ ❇❛✉♠✱ ✶✾✼✹✮

ϕM(r, ω) =
1

4πµ0

¨

A

2ρMs(r
′;ω)

|r− r′| e−jk·(r−r
′) dS′ ✭✷✳✷✻✮

F(r, ω) =
ε0
4π

¨

A

2JMs(r
′;ω)

|r− r′| e−jk·(r−r
′) dS′, ✭✷✳✷✼✮

✇❤❡r❡ t❤❡ ♠❛❣♥❡t✐❝ ❝❤❛r❣❡ ❞❡♥s✐t② ❝❛♥ ❜❡ ❢♦✉♥❞ ❢r♦♠ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❝♦♥t✐♥✉✐t②

∇·JMs + jωρMs = 0. ✭✷✳✷✽✮

❚❤❡ ❛ss♦❝✐❛t❡❞ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ ♣♦t❡♥t✐❛❧s ❜②

E =
−1

ε0
∇×F ✭✷✳✷✾✮

H = −∇ϕM − jωF. ✭✷✳✸✵✮

❋♦r s♠❛❧❧ ❛♣❡rt✉r❡s ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ✜❡❧❞ ✐♥ t❤❡ ❛♣❡rt✉r❡ ✐s q✉❛s✐✲st❛t✐❝✳ ❍❡♥❝❡

H (r ∈ A;ω) = −∇ϕM − jωF ≈ −∇ϕM. ✭✷✳✸✶✮

✶✹



❆ss✉♠✐♥❣ t❤❡ t❛♥❣❡♥t✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ HA

‖ ✱ ❛♥❞ ♥♦r♠❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞✱ EA

⊥✱ ✐♥ t❤❡ ❛♣❡rt✉r❡ ❛r❡ ❛♣♣r♦①✐✲
♠❛t❡❧② ❝♦♥st❛♥t t❤✐s ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ❞✐r❡❝t❧② t♦ ❣✐✈❡

ϕM (r ∈ A;ω) ≈ −
ˆ r

0

HA

‖ · dr = −HA

‖ ·r. ✭✷✳✸✷✮

❍❡♥❝❡ t❤❡ ♠❛❣♥❡t✐❝ ❝❤❛r❣❡ ❞❡♥s✐t② ✐♥ t❤❡ ❛♣❡rt✉r❡ s❛t✐s✜❡s t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥

ϕM (r ∈ A;ω) ≈ 1

4πµ0

¨

A

2ρMs(r
′;ω)

|r− r′| dS′ = −HA

‖ ·r, ✭✷✳✸✸✮

✇❤❡r❡ ✇❡ ❤❛✈❡ ❛♣♣r♦①✐♠❛t❡❞ e−jk·(r−r
′) ≈ 1 ✐♥ t❤❡ q✉❛s✐✲st❛t✐❝ ❧✐♠✐t✳ ◆♦t❡ t❤❛t t❤❡ ❡❧❡❝tr✐❝ ❝✉rr❡♥t

❞❡♥s✐t② ✐♥ t❤❡ s❤♦rt❡❞ ❛♣❡rt✉r❡ ✐s

HA

‖ =
1

2
n̂×Js. ✭✷✳✸✹✮

■♥ t❤❡ ❛♣❡rt✉r❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ♥♦r♠❛❧ ❛♥❞ ❛❧s♦ ❝♦♥st❛♥t✱ ❤❡♥❝❡ ❢r♦♠

EA

⊥ (r ∈ A;ω) =
−1

ε0
∇×F ✭✷✳✸✺✮

✇❡ ✜♥❞ t❤❛t

F (r ∈ A;ω) =
1

2
EA

⊥ (r ∈ A;ω)×r. ✭✷✳✸✻✮

◆♦t❡ t❤❛t t❤❡ ❡❧❡❝tr✐❝ ❝❤❛♥❣❡ ❞❡♥s✐t② ✐♥❞✉❝❡❞ ♦♥ t❤❡ s❤♦rt❡❞ ❛♣❡rt✉r❡ ✐s

EA

⊥ =
ρs
2ε0

n̂. ✭✷✳✸✼✮

▼❛❦✐♥❣ t❤❡ s❛♠❡ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ t❤❡ ♠❛❣♥❡t✐❝ ✈❡❝t♦r ♣♦t❡♥t✐❛❧ ✇❡ t❤✉s ♦❜t❛✐♥ t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥

F (r ∈ A;ω) ≈ ε0
4π

¨

A

2JMs(r
′;ω)

|r− r′| dS′ =
1

2
EA

⊥×r. ✭✷✳✸✽✮

❚❤❡s❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s✱ ✭✷✳✸✸✮ ❛♥❞ ✭✷✳✸✽✮✱ ❢♦r t❤❡ ♠❛❣♥❡t✐❝ ❝❤❛♥❣❡ ❛♥❞ ❝✉rr❡♥t ❞❡♥s✐t② ❛r❡ ❡q✉✐✈❛❧❡♥t
t♦ t❤❡ ✐♥t❡❣r♦✲❞✐✛❡r❡♥t✐❛❧ ✭✷✳✶✾✮ ❡q✉❛t✐♦♥ ❞❡r✐✈❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳

❚❤✐s s♦❧✉t✐♦♥ ❢♦r t❤❡ ❡q✉✐✈❛❧❡♥t ♠❛❣♥❡t✐❝ ❝❤❛r❣❡ ❛♥❞ ❝✉rr❡♥t ❞❡♥s✐t✐❡s ✐♥ t❤❡ ❛♣❡rt✉r❡ ✐s s♦ ❢❛r ❛
r✐❣♦r♦✉s q✉❛s✐✲st❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ s♠❛❧❧ ❛♣❡rt✉r❡ ♣r♦❜❧❡♠✳ ❚❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s ❛t
❛❧❧ ♣♦✐♥ts ✐♥ s♣❛❝❡✱ ✐♥❝❧✉❞✐♥❣ ✐♥ ❛♥❞ ♥❡❛r t❤❡ ❛♣❡rt✉r❡ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ t❤❡♠ ✭❈❤❡♥ ❛♥❞ ❇❛✉♠✱
✶✾✼✹✮✳ ❇❡t❤❡ ❛❧s♦ ♥♦t❡❞ t❤❛t ❛✇❛② ❢r♦♠ t❤❡ ❛♣❡rt✉r❡ t❤❡ ✜❡❧❞s ❝❛♥ ❛❧s♦ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ✉s✐♥❣ t❤❡
❡q✉✐✈❛❧❡♥t ❞✐♣♦❧❡ ♠♦♠❡♥ts ♦❢ t❤❡s❡ ❝❤❛r❣❡s ❛♥❞ ❝✉rr❡♥ts ✭❇❡t❤❡✱ ✶✾✹✹✮✳ ❚❤❡s❡ ❛r❡ ❣✐✈❡♥ ❜②

pM(r, ω) =
−ε0
2

¨

A

r′×JMs (r
′;ω) dS′ ✭✷✳✸✾✮

mM(r, ω) =
1

µ0

¨

A

r′ρMs (r
′;ω) dS′. ✭✷✳✹✵✮

❙✐♥❝❡ t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ❛r❡ ❧✐♥❡❛r t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥ts ✇✐❧❧ ❜❡ ❧✐♥❡❛r❧②
r❡❧❛t❡❞ t♦ t❤❡ t❛♥❣❡♥t✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✱ HA

‖ ✱ ❛♥❞ ♥♦r♠❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞✱ EA

⊥✱ ✐♥ t❤❡ ❛♣❡rt✉r❡ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡s❡ ❛♣❡rt✉r❡s ✜❡❧❞s✱ ✇❤✐❝❤ ❛r❡ ❝♦♥st❛♥t ✐♥ t❤❡ q✉❛s✐✲st❛t✐❝ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛r❡ ❤❛❧❢ t❤❡ s❤♦rt ❝✐r❝✉✐t
✜❡❧❞s✱

2EA

⊥ = Esc
⊥ ✭✷✳✹✶✮

2HA

‖ = Hsc
‖ , ✭✷✳✹✷✮

❛♥❞ s♦ t❤❡ ❞✐♣♦❧❡ ♠♦♠❡♥ts ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❧✐♥❡❛r ❢✉♥❝t✐♦♥s ♦❢ t❤❡ s❤♦rt ❝✐r❝✉✐t ✜❡❧❞s

pM(r, ω) = αe·E
sc ✭✷✳✹✸✮

mM(r, ω) = −αm·H
sc, ✭✷✳✹✹✮

✶✺



✇❤❡r❡ αe = αe;zz ẑẑ ❛♥❞ αm = αm;xxx̂x̂ + αm;yyŷŷ ❛r❡ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ♣♦❧❛r✐s❛❜✐❧✐t② t❡♥s♦rs
♦❢ t❤❡ ❛♣❡rt✉r❡✳ ❚❤❡ ❞✐♣♦❧❡ ♠♦♠❡♥ts ❝❛♥ ❛❧s♦ ❜❡ ✇r✐tt❡♥ ✐♥ t❡r♠s ♦❢ ❝✉rr❡♥t ♠♦♠❡♥ts ✭❖❛t❡s✱ ✶✾✾✹✱ ♣✳
✼✵✮✿

I dl(r, ω) = jωpM(r, ω) = −jω
ε0
2

¨

A

r′×JMs (r
′;ω) dS′ = jωε0αeE

sc
⊥ ✭✷✳✹✺✮

IM dl(r, ω) = jωµ0mM(r, ω) = jω

¨

A

r′ρMs (r
′;ω) dS′ =

¨

A

JMs (r
′;ω) dS′ = −jωµ0αm·H

sc
‖ . ✭✷✳✹✻✮

■t ♠✉st ❜❡ r❡♠❡♠❜❡r❡❞ t❤❛t t❤❡ ✜❡❧❞s ❢r♦♠ t❤❡ ❞✐♣♦❧❡ ♠♦♠❡♥ts ❛r❡ ♥♦t ✈❛❧✐❞ ✐♥ t❤❡ ❛♣❡rt✉r❡ ✐ts❡❧❢✱ ✐♥
♣❛rt✐❝✉❧❛r t❤❡② ❞♦ ♥♦t r❡♣r♦❞✉❝❡❞ t❤❡ ❝♦rr❡❝t ✏❦♥✐❢❡✲❡❞❣❡✑ ✜❡❧❞ s✐♥❣✉❧❛r✐t✐❡s ♥❡❛r t❤❡ ❡❞❣❡s ♦❢ t❤❡ P❊❈
s❝r❡❡♥ ✭❇✉t❧❡r ❡t ❛❧✳✱ ✶✾✼✻❀ ❈❤❡♥ ❛♥❞ ❇❛✉♠✱ ✶✾✼✹✮✳

✷✳✸ P♦❧❛r✐s❛❜✐❧✐t✐❡s ❢♦r s♦♠❡ s✐♠♣❧❡ ❛♣❡rt✉r❡ s❤❛♣❡s

❋♦r ❛ ❝✐r❝✉❧❛r ❛♣❡rt✉r❡ ♦❢ r❛❞✐✉s a t❤❡ s♦❧✉t✐♦♥s ♦❢ t❤❡ ✐♥t❡❣r❛❧ ❡q✉❛t✐♦♥s ✭✷✳✸✸✮ ❛♥❞ ✭✷✳✸✽✮ ❛r❡ ✭❇❡t❤❡✱
✶✾✹✹❀ ❈❤❡♥ ❛♥❞ ❇❛✉♠✱ ✶✾✼✹✮

ρMs (r ∈ A;ω) =
−2µ0

π
√
a2 − r2

r·HA

‖ ✭✷✳✹✼✮

JMs (r ∈ A;ω) =
1

π
√
a2 − r2

r×EA

⊥ − jk

π

√
a2 − r2HA

‖ . ✭✷✳✹✽✮

◆♦t❡ t❤❛t t❤❡ ❝✉rr❡♥t ❝♦♥t❛✐♥s t✇♦ t❡r♠s

JMs (r ∈ A;ω) = JE

Ms (r ∈ A;ω) + JH
Ms (r ∈ A;ω) , ✭✷✳✹✾✮

✇❤❡r❡

∇·JH
Ms + jωρMs = 0 ✭✷✳✺✵✮

∇·JE

Ms = 0. ✭✷✳✺✶✮

❚❤❡ s♦❧❡♥♦✐❞❛❧ ❝♦♠♣♦♥❡♥t✱ JE

Ms✱ s✉♣♣♦rts t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ ♥♦r♠❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ✇❤✐❧❡ t❤❡
♦t❤❡r ❝♦♠♣♦♥❡♥t✱ JH

Ms✱ s✉♣♣♦rts t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ t❛♥❣❡♥t✐❛❧ ♠❛❣♥❡t✐❝ ✜❡❧❞✳
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❞✐♣♦❧❡ ♠♦♠❡♥ts ♦❢ t❤❡ ❝✐r❝✉❧❛r ❛♣❡rt✉r❡ ❝❛♥ t❤❡♥ ❜❡ ❡✈❛❧✉❛t❡❞ t♦ ❣✐✈❡

pM (ω) = ε0
4a3

3
EA

⊥ = ε0
2a3

3
Esc

⊥ = ε0αe·E
sc ✭✷✳✺✷✮

mM (ω) =
−8a3

3
HA

‖ =
−4a3

3
Hsc

‖ = −αm·H
sc, ✭✷✳✺✸✮

✇❤❡r❡ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ♣♦❧❛r✐s❛❜✐❧✐t✐❡s ♦❢ t❤❡ ❛♣❡rt✉r❡ ❛r❡

αe =
2a3

3
ê⊥ê⊥ ✭✷✳✺✹✮

αm =
4a3

3
ê‖ê‖. ✭✷✳✺✺✮

❚❤❡ ❢❛❝t♦r ♦❢ t✇♦ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ♠❛❣♥❡t✐❝ ❝✉rr❡♥t s❤❡❡t ✇❛s ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ✐♥t❡❣r❛❧s
❛❜♦✈❡✱ s♦ t❤❡s❡ ❛r❡ ❡q✉✐✈❛❧❡♥t ❞✐♣♦❧❡ ♠♦♠❡♥ts t❤❛t r❛❞✐❛t❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ P❊❈ s❝r❡❡♥ t♦ ❣✐✈❡ t❤❡
✜❡❧❞s ❢r♦♠ t❤❡ ❛♣❡rt✉r❡✳

❚❤❡ ♣♦❧❛r✐s❛❜✐❧✐t✐❡s ♦❢ ❛♥ ❡❧❧✐♣t✐❝❛❧ ❛♣❡rt✉r❡ ❝❛♥ ❛❧s♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❛♥❛❧②t✐❝❛❧❧② ✭❈♦❧❧✐♥✱ ✶✾✾✵✱ ♣✳✺✵✼✱
❡q♥✳ ✭✼✵✮✮✳ ❋♦r ❛♥ ❡❧❧✐♣t✐❝❛❧ ❛♣❡rt✉r❡ ✇✐t❤ s❡♠✐✲♠❛❥♦r ❛①✐s a ❛❧♦♥❣ t❤❡ x✲❞✐r❡❝t✐♦♥ ❛♥❞ s❡♠✐✲♠✐♥♦r ❛①✐s
b ❛❧♦♥❣ t❤❡ y✲❞✐r❡❝t✐♦♥ t❤❡② ❛r❡

αe =
π

3

ab2

E(e)
êz ✭✷✳✺✻✮

αm =
π

3
a3e2

(
1

K(e)− E(e)
êxêx +

1

(a/b)
2
E(e)− K(e)

êyêy

)
, ✭✷✳✺✼✮

✶✻



✇❤❡r❡ t❤❡ ❡❝❝❡♥tr✐❝✐t② ♦❢ t❤❡ ❛♣❡rt✉r❡ ✐s

e =

√
1− (b/a)

2
✭✷✳✺✽✮

❛♥❞ t❤❡ ❝♦♠♣❧❡t❡ ❡❧❧✐♣t✐❝ ✐♥t❡❣r❛❧s ♦❢ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❦✐♥❞ ❛r❡

K (e) =

ˆ π/2

0

(
1− e2 sin2 θ

)−1/2
dθ ✭✷✳✺✾✮

E (e) =

ˆ π/2

0

(
1− e2 sin2 θ

)1/2
dθ. ✭✷✳✻✵✮

❋♦r ❛ ❤✐❣❤❧② ❡❝❝❡♥tr✐❝ ❡❧❧✐♣s❡ ✇✐t❤ b≪a ✭e≪1✮ ✇❡ ✜♥❞

αe =
π

3
ab2êz êz ✭✷✳✻✶✮

αm =
π

3

(
a3e3

loge (4a/b)− 1
êxêx + ab2êyêy

)
. ✭✷✳✻✷✮

❊①❛❝t ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ♣♦❧❛r✐s❛❜✐❧✐t✐❡s ♦❢ sq✉❛r❡ ❛♥❞ r❡❝t❛♥❣✉❧❛r ❛♣❡rt✉r❡s ❞♦ ♥♦t ❡①✐st✳
❚❤❡② ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❛s ❝✐r❝✉❧❛r ❛♥❞ ❡❧❧✐♣t✐❝❛❧ ❛♣❡rt✉r❡s r❡s♣❡❝t✐✈❡❧②✱ ✇✐t❤ t❤❡ s❛♠❡ ❛r❡❛ ❛♥❞ ❛s♣❡❝t
r❛t✐♦✿ ❋♦r ❛ sq✉❛r❡ ❛♣❡rt✉r❡ ♦❢ s✐❞❡ ❧❡♥❣t❤ a t❤✐s ❣✐✈❡s

αe =
2a3

3π3/2
✭✷✳✻✸✮

αm =
4a3

3π3/2
(êxêx + êyêy) , ✭✷✳✻✹✮

✇❤✐❧❡ ❢♦r ❛ r❡❝t❛♥❣✉❧❛r ❛♣❡rt✉r❡ ✇✐t❤ s✐❞❡ ❧❡♥❣t❤s a ❛♥❞ b ✇❡ ♦❜t❛✐♥

αe =
S3/2

3
√
π

b/a

E(e)
✭✷✳✻✺✮

αm =
S3/2

3
√
π
e2 (a/b)

3/2

(
1

K(e)− E(e)
êxêx +

1

(a/b)
2
E(e)− K(e)

êyêy

)
, ✭✷✳✻✻✮

✇❤❡r❡ t❤❡ ❛♣❡rt✉r❡ ❛r❡❛ ✐s S = ab✳
❆♣♣r♦①✐♠❛t❡ ❛♥❛❧②t✐❝❛❧ ♠❡t❤♦❞s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣♦❧❛r✐s❛❜✐❧✐t✐❡s ♦❢ ❛♣❡rt✉r❡s ✇✐t❤ ❛r❜✐tr❛r② s❤❛♣❡s

♦❢ ❧♦✇ ❡❝❝❡♥tr✐❝✐t② ❛r❡ ❣✐✈❡♥ ❜② ✭❖❦♦♥ ❛♥❞ ❍❛rr✐♥❣t♦♥✱ ✶✾✽✶❀ ❋❛❜r✐❦❛♥t✱ ✶✾✽✼❛✱❜✮✳ P❛r❛♠❡tr✐❝ ❡①♣r❡ss✐♦♥s
❢♦r ❛♣❡rt✉r❡ ♣♦❧❛r✐s❛❜✐❧✐t✐❡s ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ♠❡❛s✉r❡♠❡♥ts ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ✭❉❡ ▼❡✉❧❡♥❛❡r❡ ❛♥❞ ❇❧❛❞❡❧✱
✶✾✼✼❀ ▼❝❉♦♥❛❧❞✱ ✶✾✽✺✱ ✶✾✽✼✱ ✶✾✽✽✮✳

✷✳✹ ❊q✉✐✈❛❧❡♥t ❞✐♣♦❧❡ ♠♦♠❡♥ts ❢♦r s♠❛❧❧ ❛♣❡rt✉r❡s

●❡♥❡r❛❧✐s✐♥❣ t❤❡ r❡s✉❧t ♦❢ t❤❡ ❧❛st s❡❝t✐♦♥✱ t❤❡ ❡✛❡❝t ♦❢ ❛ s♠❛❧❧ ❛♣❡rt✉r❡ ✐♥ ❛ ❝♦♥❞✉❝t✐♥❣ s❝r❡❡♥ ❝❛♥ ❜❡
r❡♣r❡s❡♥t❡❞ ❜② ❡q✉✐✈❛❧❡♥t ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ ♠♦♠❡♥ts ♦♥ ❡✐t❤❡r s✐❞❡ ♦❢ t❤❡ s❝r❡❡♥ ✇✐t❤ t❤❡
❛♣❡rt✉r❡ s❤♦rt ❝✐r❝✉✐t❡❞ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✽✳ ❚❤❡ ❞✐♣♦❧❡ ♠♦♠❡♥ts ❛r❡ r❡❧❛t❡❞ t♦ t❤❡ s❤♦rt ❝✐r❝✉✐t ✜❡❧❞s
❜②

p± (ω) = ε0αe·
(
Esc∓ (0;ω)−Esc± (0;ω)

)
✭✷✳✻✼✮

m± (ω) = −αm·
(
Hsc∓ (0;ω)−Hsc± (0;ω)

)
, ✭✷✳✻✽✮

✇❤❡r❡ t❤❡ ♣♦❧❛r✐s❛❜✐❧✐t✐❡s ❛r❡ ❞❡✜♥❡❞ s✉❝❤ t❤❛t p+ ❛♥❞ m+ ❛r❡ t❤❡ ❡q✉✐✈❛❧❡♥t ❞✐♣♦❧❡ ♠♦♠❡♥ts ✐♥ t❤❡

♣r❡s❡♥❝❡ ♦❢ t❤❡ s❝r❡❡♥ ❢♦r t❤❡ r✐❣❤t ❤❛❧❢✲s♣❛❝❡ ✭z > 0✮✱ ✐✳❡✳ t❤❡ ❞✐♣♦❧❡s ❧♦❝❛t❡❞ ❛t (0, 0, 0+)✱ ✇❤✐❧❡ t❤❡
❞✐♣♦❧❡s p− ❛♥❞ m− ❛r❡ ❧♦❝❛t❡❞ ❛t (0, 0, 0−) ❛♥❞ r❛❞✐❛t❡❞ ✐♥t♦ t❤❡ ❧❡❢t ❤❛❧❢✲s♣❛❝❡ ✭z < 0✮✳ ❚❤✐s r❡s✉❧t ❝❛♥
❜❡ ✉♥❞❡rst♦♦❞ ♣❤②s✐❝❛❧❧② ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❜❡❤❛✈✐♦✉r ♦❢ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s ❛r♦✉♥❞ t❤❡
❛♣❡rt✉r❡ ❛s s❤♦✇♥ ✐♥ t❤❡ r✐❣❤t ♣❛rt ♦❢ ❋✐❣✉r❡ ✽✳

✶✼



❋✐❣✉r❡ ✽✿ ✿ ❊q✉✐✈❛❧❡♥t ❞✐♣♦❧❡ ♠♦♠❡♥ts t♦ r❡♣r❡s❡♥t t❤❡ ❛♣❡rt✉r❡ ✭❧❡❢t✮ ❛♥❞ t❤❡✐r ✐♥t❡r♣r❡t❛t✐♦♥ ✐♥ t❡r♠s
♦❢ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞ ❧✐♥❡s ✭r✐❣❤t✮✳

❆t ♣♦✐♥ts ❢❛r ❢r♦♠ t❤❡ ❛♣❡rt✉r❡ r❡❧❛t✐✈❡ t♦ ✐ts ♠❛①✐♠✉♠ s✐③❡ t❤❡ ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s ✐♥ t❤❡
t✇♦ ❤❛❧❢✲s♣❛❝❡s ❛r❡

E± (r, ω) = Esc± (r, ω) +Ee
(
r, ω;p±

)
+Em

(
r, ω;m±

)
✭✷✳✻✾✮

H± (r, ω) = Hsc± (r, ω) +He
(
r, ω;p±

)
+Hm

(
r, ω;m±

)
✭✷✳✼✵✮

❚❤❡s❡ ❞✐♣♦❧❡ ♠♦♠❡♥ts r❛❞✐❛t❡ ✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❣r♦✉♥❞ ♣❧❛♥❡ s♦ t❤❡✐r ✐♠❛❣❡s ♠✉st ❜❡ ✐♥❝❧✉❞❡❞ t♦ ❣✐✈❡
t❤❡ t♦t❛❧ ✜❡❧❞✳ ❚❤❡ s❤♦rt✲❝✐r❝✉✐t ✜❡❧❞s ❛r❡ t✇✐❝❡ t❤❡ ✐♥❝✐❞❡♥t ✭tr❛✈❡❧❧✐♥❣ ✇❛✈❡✮ ✜❡❧❞s s♦

p± (ω) = 2ε0αe·
(
Ei∓ (0;ω)−Ei± (0;ω)

)
✭✷✳✼✶✮

m± (ω) = −2αm·
(
Hi∓ (0;ω)−Hi± (0;ω)

)
. ✭✷✳✼✷✮

❋♦r ❞✐♣♦❧❡s r❛❞✐❛t✐♥❣ ✐♥ ❢r❡❡ s♣❛❝❡ ✇✐t❤♦✉t ❛♥ ✐♠❛❣❡ t❤❡ ❡q✉✐✈❛❧❡♥t ❞✐♣♦❧❡ ♠♦♠❡♥ts ♠✉st ❜❡ ❞♦✉❜❧❡❞ t♦
❣✐✈❡ t❤❡ s❛♠❡ ✜❡❧❞ ✐♥ t❤❡ tr❛♥s♠✐tt❡❞ ❤❛❧❢✲s♣❛❝❡✿

p±
FS (ω) = 4ε0αe·

(
Ei∓ (0;ω)−Ei± (0;ω)

)
✭✷✳✼✸✮

m±
FS (ω) = −4αm·

(
Hi∓ (0;ω)−Hi± (0;ω)

)
, ✭✷✳✼✹✮

♦r ✇✐t❤ r❡❢❡r❡♥❝❡ t♦ t❤❡ s❤♦rt✲❝✐r❝✉✐t❡❞ ✜❡❧❞s

p±
FS (ω) = 2ε0αe·

(
Esc∓ (0;ω)−Esc± (0;ω)

)
✭✷✳✼✺✮

m±
FS (ω) = −2αm·

(
Hsc∓ (0;ω)−Hsc± (0;ω)

)
, ✭✷✳✼✻✮

❙♦♠❡t✐♠❡ ❛✉t❤♦rs ✐♥❝❧✉❞❡ ♦♥❡ ♦r ❜♦t❤ ♦❢ t❤❡s❡ ❢❛❝t♦rs ♦❢ t✇♦ ✐♥t♦ t❤❡✐r ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ♣♦❧❛r✐s❛❜✐❧✲
✐t② ✭❏❛❣❣❛r❞ ❛♥❞ P❛♣❛s✱ ✶✾✼✼✮✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ✐♥ ✭❏❛❝❦s♦♥✱ ✶✾✾✾✱ ♣✳✹✷✹✮✱ ❢♦r ❡①❛♠♣❧❡✱ ✉s❡s ❢r❡❡ s♣❛❝❡
❞✐♣♦❧❡ ♠♦♠❡♥ts ❛♥❞ s❤♦rt✲❝✐r❝✉✐t ✜❡❧❞s ✇✐t❤ ♦♥❡ ❢❛❝t♦r ♦❢ t✇♦ ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ♣♦❧❛r✐s❛❜✐❧✐t✐❡s✳

✷✳✺ ❚r❛♥s♠✐ss✐♦♥ ❝r♦ss✲s❡❝t✐♦♥s ♦❢ s♠❛❧❧ ❛♣❡rt✉r❡s

❈♦♥s✐❞❡r ❛ ♣❧❛♥❡ ✇❛✈❡ ✐♥❝✐❞❡♥t ❢r♦♠ z > 0 ♦♥ ❛♥ ❛♣❡rt✉r❡ ❧♦❝❛t❡❞ ✐♥ t❤❡ x − y ♣❧❛♥❡ ✭❝❡♥tr❡❞ ♦♥ t❤❡
♦r✐❣✐♥✮ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✾✳ ❚❤❡r❡ ❛r❡ ♥♦ s♦✉r❝❡s ✐♥ z < 0✳ ❚❤❡ ✐❧❧✉♠✐♥❛t✐♥❣ ♣❧❛♥❡ ✇❛✈❡ ♣r♦♣❛❣❛t❡s

✇✐t❤ ❛ ✇❛✈❡✲✈❡❝t♦r ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ k̂
i
❞❡✜♥❡❞ ❜②

k̂
i
= −r̂ =

(
− sin θi cosϕi,− sin θi sinϕi,− cos θi

)
, ✭✷✳✼✼✮

✶✽



❋✐❣✉r❡ ✾✿ ✿ P❧❛♥❡ ✇❛✈❡ ✐❧❧✉♠✐♥❛t✐♦♥ ♦❢ ❛♣❡rt✉r❡✳

✇❤❡r❡ θi, ϕi ❛r❡ s♣❤❡r✐❝❛❧ ♣♦❧❛r ❛♥❣❧❡s✳ ❚❤❡ ✐♥❝✐❞❡♥t ❡❧❡❝tr✐❝ ✜❡❧❞ ✈❡❝t♦r✱ Ei✱ ✐s t❛❦❡♥ t♦ ❜❡

Ei = Ei
(
− cos ζ iθ̂ + sin ζ iφ̂

)
= Ei

θθ̂ + Ei
ϕφ̂ = Ei

⊥ẑ+Ei
‖, ✭✷✳✼✽✮

✇❤❡r❡ ζ i ✐s t❤❡ ♣♦❧❛r✐s❛t✐♦♥ ❛♥❣❧❡ ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ r❡❧❛t✐✈❡ t♦ t❤❡ −θ̂ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ♠❛❣♥❡t✐❝ ✜❡❧❞ ✐s
t❤✉s

Hi = η−1
0 k̂

i
×Ei = η−1

0 Ei
(
cos ζ iφ̂+ sin ζ iθ̂

)
= H i

ϕφ̂+H i
θθ̂ = H i

⊥ẑ+Hi
‖. ✭✷✳✼✾✮

❯s✐♥❣ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ ♠❛tr✐① ❢r♦♠ s♣❤❡r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s




Ax

Ay

Az


 =




sin θ cosϕ cos θ cosϕ − sinϕ

sin θ sinϕ cos θ sinϕ cosϕ

cos θ − sin θ 0







Ar

Aθ

Aϕ


 ✭✷✳✽✵✮

✇❡ ❣❡t t❤❡ ❈❛rt❡s✐❛♥ ❢♦r♠ ♦❢ t❤❡ ✐♥❝✐❞❡♥t ❡❧❡❝tr✐❝ ❛♥❞ ♠❛❣♥❡t✐❝ ✜❡❧❞s

Ei = −Ei cos ζi




cos θi cosϕi

cos θi sinϕi

− sin θi


+ Ei sin ζ i




− sinϕi

cosϕi

0


 ✭✷✳✽✶✮

Hi = η−1
0 Ei cos ζ i




− sinϕi

cosϕi

0


+ η−1

0 Ei sin ζ i




cos θi cosϕi

cos θi sinϕi

− sin θi


 . ✭✷✳✽✷✮

❚❤❡ ✜❡❧❞ ❝♦♠♣♦♥❡♥ts ♥♦r♠❛❧ ❛♥❞ t❛♥❣❡♥t✐❛❧ t♦ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ ❛♣❡rt✉r❡ ❛r❡ t❤❡r❡❢♦r❡

Ei
⊥ = Ei cos ζ i sin θi ✭✷✳✽✸✮

Ei
‖ = −Ei cos ζ i cos θiρ̂+ Ei sin ζ iφ̂ ✭✷✳✽✹✮

H i
⊥ = −η−1

0 Ei sin ζ i sin θi ✭✷✳✽✺✮

Hi
‖ = η−1

0 Ei cos ζ iφ̂+ η + 0−1Ei sin ζ i cos θiρ̂, ✭✷✳✽✻✮

✇❤❡r❡

ρ̂ = cosϕix̂+ sinϕiŷ ✭✷✳✽✼✮

φ̂ = − sinϕix̂+ cosϕiŷ ✭✷✳✽✽✮

❛r❡ ♣❧❛♥❡ ♣♦❧❛r ✉♥✐t ✈❡❝t♦rs ✐♥ t❤❡ ♣❧❛♥❡ ♦❢ t❤❡ ❛♣❡rt✉r❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ P♦②♥t✐♥❣ ✈❡❝t♦r ✐s

Si =

∣∣Ei
∣∣2

2η0
k̂
i ❞❡❢
= Sik̂

i
, ✭✷✳✽✾✮

✶✾



✇✐t❤ ♠❛❣♥✐t✉❞❡

Si =
1

2
η0
∣∣H i
∣∣2 =

∣∣Ei
∣∣2

2η0
. ✭✷✳✾✵✮

❚❤❡ ✐♥❝✐❞❡♥t ✇❛✈❡ ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛ s✉♣❡r♣♦s✐t✐♦♥

Ei = Ei;TM +Ei;TE ✭✷✳✾✶✮

Hi = Hi;TM +Hi;TE ✭✷✳✾✷✮

♦❢ ❚▼ ❛♥❞ ❚❊ ✇❛✈❡s ❣✐✈❡♥ ❜②

Ei;TM = −Ei cos ζ iθ̂
❞❡❢
=Ei;TMθ̂ ✭✷✳✾✸✮

Hi;TM = η−1
0 Ei cos ζ iφ̂

❞❡❢
=H i;TMφ̂ ✭✷✳✾✹✮

❛♥❞

Ei;TE = Ei sin ζ iφ̂
❞❡❢
=Ei;TEφ̂ ✭✷✳✾✺✮

Hi;TE = η−1
0 Ei sin ζ iθ̂

❞❡❢
=H i;TEθ̂. ✭✷✳✾✻✮

❚❤❡ t♦t❛❧ ♣♦✇❡r ❞❡♥s✐t② ✐s ❣✐✈❡♥ ❜②

Si = Si;TM + Si;TE, ✭✷✳✾✼✮

✇✐t❤

Si;TM =
1

2
η0

∣∣∣Hi;TM
∣∣∣
2

=

∣∣∣Ei;TM
∣∣∣
2

2η0
✭✷✳✾✽✮

Si;TE =
1

2
η0
∣∣Hi;TE

∣∣2 =

∣∣Ei;TE
∣∣2

2η0
. ✭✷✳✾✾✮

❚❤✉s ✇❡ ❝❛♥ ✐❞❡♥t✐❢② t❤❡ ♥♦r♠❛❧ ❛♥❞ t❛♥❣❡♥t✐❛❧ ❝♦♠♣♦♥❡♥ts ✇✐t❤ t❤❡ ❚▼ ❛♥❞ ❚❊ ❝♦♠♣♦♥❡♥ts✿

Ei
⊥ = −Ei;TM sin θi ✭✷✳✶✵✵✮

Ei
‖ = Ei;TM cos θiρ̂+ Ei;TEφ̂ ✭✷✳✶✵✶✮

H i
⊥ = −H i;TE sin θi ✭✷✳✶✵✷✮

Hi
‖ = H i;TMφ̂+H i;TE cos θiρ̂. ✭✷✳✶✵✸✮

❚❤❡ t♦t❛❧ ♣♦✇❡r tr❛♥s♠✐tt❡❞ ✐♥t♦ t❤❡ z < 0 ❤❛❧❢✲s♣❛❝❡ ✐s

P t =
1

2
c20η0

k4
∣∣p−

FS

∣∣2

12π
+

1

2
η0

k4
∣∣m−

FS

∣∣2

12π
✭✷✳✶✵✹✮

=
η0k

2

24π

{
ω2
∣∣p−

FS

∣∣2 + k2
∣∣m−

FS

∣∣2
}

✭✷✳✶✵✺✮

=
πη0
6λ2

{
ω2
∣∣p−

FS

∣∣2 + k2
∣∣m−

FS

∣∣2
}

✭✷✳✶✵✻✮

✇❤❡r❡

p−
FS (ω) = 2ε0αe·E

sc+ ✭✷✳✶✵✼✮

m−
FS (ω) = −2αm·H

sc+. ✭✷✳✶✵✽✮

❍❡♥❝❡ ✇❡ ❤❛✈❡

P t =
2πη0
3λ2

(
ω2ε20

∣∣αe·E
sc+
∣∣2 + k2

∣∣αm·H
sc+
∣∣2
)
. ✭✷✳✶✵✾✮

✷✵



❚❤❡ s❤♦rt✲❝✐r❝✉✐t❡❞ ✜❡❧❞ ❝♦♠♣♦♥❡♥ts ❝❛♥ ❜❡ ❡✈❛❧✉❛t❡❞ ✉s✐♥❣

αe·E
sc+ = αe;zz ẑẑ·E

sc+ = 2αe;zz(ẑ·E
i)ẑ = 2αe;zzE

i cos ζ i sin θiẑ = −2αe;zzE
i;TM sin θiẑ ✭✷✳✶✶✵✮

❛♥❞

αe·H
sc+ = 2αe·H

i = 2αe·H
i
‖

= 2αm;xxH
i
xx̂+ 2αm;yyH

i
yŷ = 2αm;ϕϕH

i;TMφ̂+ 2αm;ρρH
i;TE cos θiρ̂. ✭✷✳✶✶✶✮

❋♦r t❤❡ ❚▼ ❝❛s❡ ✇❡ ✜♥❞ ✭❍✐❧❧ ❡t ❛❧✳✱ ✶✾✾✹✮

Ei = Ei;TM cos θiρ̂− Ei;TM sin θiẑ ✭✷✳✶✶✷✮

Hi = H i;TM φ̂ ✭✷✳✶✶✸✮

Hsc−
‖ = 2H i;TMφ̂ ✭✷✳✶✶✹✮

Esc−
⊥ = −2Ei;TM sin θi ✭✷✳✶✶✺✮

p+
FS (ω) = −4ε0αe·ẑE

i;TM sin θi ✭✷✳✶✶✻✮

m+
FS (ω) = −4αm·φ̂H

i;TM. ✭✷✳✶✶✼✮

❚❤❡ ♣♦✇❡r tr❛♥s♠✐tt❡❞ ✐♥t♦ t❤❡ z > 0 ❤❛❧❢✲s♣❛❝❡ ✐s ❤❛❧❢ t❤❡ t♦t❛❧ ♣♦✇❡r r❛❞✐❛t❡❞ ❜② t❤❡ ❢r❡❡✲s♣❛❝❡ ❞✐♣♦❧❡
♠♦♠❡♥ts✱

P t;TM =
1

2
c20η0

k4
∣∣p+

FS

∣∣2

12π
+

1

2
η0

k4
∣∣m+

FS

∣∣2

12π
, ✭✷✳✶✶✽✮

❤❡♥❝❡ t❤❡ tr❛♥s♠✐ss✐♦♥ ❝r♦ss✲s❡❝t✐♦♥ ❢♦r t❤❡ ❚▼ ❝❛s❡ ✐s

σt;TM =
P t;TM

Si;TM
=

4k4

3π

(∣∣αe·ẑ
∣∣2 sin2 θi +

∣∣∣αm·φ̂

∣∣∣
2
)
. ✭✷✳✶✶✾✮

❋♦r t❤❡ ❚❊ ❝❛s❡ ✇❡ ❤❛✈❡

Hi = H i;TE cos θiρ̂−H i;TE sin θiẑ ✭✷✳✶✷✵✮

Ei = Ei;TEφ̂ ✭✷✳✶✷✶✮

Hsc−
‖ = H i;TE cos θiρ̂ ✭✷✳✶✷✷✮

Esc−
⊥ = 0 ✭✷✳✶✷✸✮

p+
FS (ω) = 0 ✭✷✳✶✷✹✮

m+
FS (ω) = 4αm·ρ̂H

i;TE cos θi ✭✷✳✶✷✺✮

P t;TE =
1

2
η0

k4
∣∣m+

FS

∣∣2

12π
✭✷✳✶✷✻✮

❣✐✈✐♥❣

σt;TE =
P t;TE

Si;TE
=

4k4

3π

∣∣αm·ρ̂
∣∣2 cos2 θi. ✭✷✳✶✷✼✮

❋♦r ❛ ❝✐r❝✉❧❛r ❛♣❡rt✉r❡ t❤❡ ❝r♦ss✲s❡❝t✐♦♥s r❡❞✉❝❡ t♦ ✭❍✐❧❧ ❡t ❛❧✳✱ ✶✾✾✹✱ ❡q♥✳ ✭✷✻✮✲✭✷✼✮✮

σt;TM =
64k4a6

27π

(
1

4
sin2 θi + 1

)
✭✷✳✶✷✽✮

σt;TE =
64k4a6

27π
cos2 θi. ✭✷✳✶✷✾✮

✷✶



❘❡❢❡r❡♥❝❡s

❈✳ ❆✳ ❇❛❧❛♥✐s✳ ❆❞✈❛♥❝❡❞ ❊♥❣✐♥❡❡r✐♥❣ ❊❧❡❝tr♦♠❛❣♥❡t✐❝s✳ ❏♦❤♥ ❲✐❧❡②✱ ◆❡✇ ❨♦r❦✱ ✶✾✽✾✳

❈✳ ❆✳ ❇❛❧❛♥✐s✳ ❆♥t❡♥♥❛ ❚❤❡♦r②✳ ❏♦❤♥ ❲✐❧❡②✱ ◆❡✇ ❨♦r❦✱ ✷♥❞ ❡❞✐t✐♦♥✱ ✶✾✾✼✳

❍✳ ❆✳ ❇❡t❤❡✳ ❚❤❡♦r② ♦❢ ❞✐✛r❛❝t✐♦♥ ❜② s♠❛❧❧ ❤♦❧❡s✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇✱ ✻✻✿✶✻✸✕✶✽✷✱ ❖❝t ✶✾✹✹✳
❞♦✐✿✶✵✳✶✶✵✸✴P❤②s❘❡✈✳✻✻✳✶✻✸✳
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